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Lecture 1 



1 Introduction 

We shall be dealing in these lectures with the algebraic aspects of the 1 
theory of algebraic functions of one variable. Since an algebraic func- 
tion w(z) is defined implicitly by an equation of the form f(z, w) - 0, 
where / is a polynomial, it is understandable that the study of such func- 
tions should be possible by algebraic methods. Such methods also have 
the advantage that the theory can be developed in the most general set- 
ting, viz. over an arbitrary field, and not only over field of complex 
numbers (the classical case). 

Definition . Let k be a field. An algebraic function field K over k is 
a finitely generated extension over k of transcendence degree at least 
equal to one. If the transcendence degree of K/k is r, we say that it is a 
function field in r variables. 

We shall confine ourselves in these lectures to algebraic function 
fields of one variable, and shall refer to them shortly as 'function fields'. 

If K/k is a function field, it follows from our definition that there 
exists an X in K transcendental over k, such that K/k(X) is a finite al- 
gebraic extension. If Y is another transcendental element of k, it should 
satisfy a relation F(X, Y) - 0, where F is a polynomial over K which 
does not vanish identically. Since Y is transcendental by assumption, 2 
the polynomial cannot be independent of X. Rearranging in powers of 
X, we see that X is algebraic over k(Y). Moreover, 
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[K : k(Y)] = [K : k(X, Y)].[k(X, Y) : k(Y)] 

< [K : k(X)].[k(X,Y) : k(Y)] < co 

and thus Y also satisfies the same conditions as X. Thus, any transcen- 
dental element of K may be used as a variable in the place of X. 

The set of all elements of K algebraic over k forms a subfield k' 
of K, which is called the field of constants of K. Hence forward, we 
shall always assume, unless otherwise stated, that k = k', i.e., that k is 
algebraically closed in K. 

2 Ordered Groups 

Definition. A multiplicative( additive) Abelian group W with a binary 
relation < (>) between its elements is said to be an ordered group if 

0(1) for a,f3 e W, one and only one of the relations a < ft, a - ft, ft < 
a (a > ft, a = ft > a) holds. 

0(2) a < P,P <y^>a<y(a> > y => a > y) 

0(3) a </3,6 eW a6 < [38(a > p,S eW a + 6 > (J + 6) 

We shall denote the identity (zero) element by 1(0). In this and 
the following section, we shall express all our results in multiplicative 
notation, a > ft shall mean the same thing as (5 < a. 

Let Wq be the set {a : a e Wa < 1 }. Wo is seen to be a semi group by 
3 0(2) and 0(3). Moreover, W = W U { 1 } U W~ 1 is a disjoint partitioning of 
W (where Wq 1 means the set of inverses of elements of Wo). Conversely, 
if an Abelian group W can be partitioned as Wo U {1} U WT , where Wo 
is a semi-group, we can introduce an order in W by defining a < /? to 
mean afT x e Wo; it is immediately verified that 0(1), 0(2) and 0(3) are 
fulfilled and that Wo is precisely the set of elements < 1 in this order. 

For an Abelian group W, the map a — > a n (n any positive integer) 
is in general only an endomorphism. But if W is ordered, the map is a 
monomorphism; for if a is greater than or less than 1, a n also satisfies 
the same inequality. 
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3 Valuations, Places and Valuation Rings 

We shall denote the non-zero elements of a field K by K*. 

Definition. A Valuation of afield K is a mapping v ofK* onto an ordered 
multiplicative (additive) group W (called the group of the valuation or 
the valuation group ) satisfying the following conditions: 

V(l) Fora,b e K*,v(ab) = v(a)v(b) (v(ab) = v(a) + v(b)); i.e. v is 
homomorphism of the multiplicative group K* onto W. 

V(2) Fora,b,a+b e K*,v(a+b) < max{v{a),v{b)){v{a+b)) >min(v(a) 
v(b))) 

V(3) v is non-trivial; i.e., there exists ana G K* with v(a) + l(v(a) + 0) 
Let us add an element 0(oo) to W satisfying the following 

(1) 0.0 - a.O = O.a = for every a e W(oo + oo - a+oo - oo+a = oo), 

(2) a > for every a e W(a < oo). If we extend a valuation v to the 4 
whole of K by defining v(0) = (v(0) = oo, the new mapping also 
satisfies V{\), V(2) and V(3). 

The following are simple consequences of our definition. 

(a) For a e K, v(a) = v(-a). To prove this, it is enough by V(l) to 
prove that v(-l) = 1. But v(-l). v(-l) = v(l) = 1 by V(l), and 
hence v(-l) = 1 by the remark at the end of §2. 

(b) If v(a) + v(b),v(a + b) = max(v(a), v(b)). For let v(a) < v(b). Then, 
v(a + b) < max(v(a), v(b)) - v(b) = v(a + b - a) < max(v(a + 
b), v(a)) - v(a + b) 

(c) Let a, e K, (i - 1, . . . ri). Then an obvious induction on V(2) gives 

" n 

KZ a i) ^ maxv(a,-), and equality holds if v(a,) + via,;) for i + j. 
l i'=i 

n 

(d) If ai e K, (i - 1, . . . n) such that J] at = 0, then v(a,) - v(a y ) for 

l 

at least one pair of unequal indices i and j. For let a, be such that 
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for some j + i, which proves that v(a{) - v{aj). 

Let X be a field. By 2X°°X we shall mean the set of elements of £ 
together with an abstract element oo with the following properties. 



oo + oo and O.oo are not defined. 

5 Definition. A place of afield K is a mapping ip ofK into £ U (oo) ( where 
Yj may be any field ) such that 

P(l) (p(a + b) = <p(a) + <p(b). 

P(2) <p(ab) = <p(a).<p(b). 

P(3) There exist a,b e K such that <p(a) - oo and (p(b) + or oo. 
P{\)andP{2) are to hold whenever the right sides have a meaning. 

From this it follows, taking the b of P(3), that (p(\)(p{b) - ip(b), so 
that (f>(\) - 1, and similarly <p(0) = 0. 

Consider the set ff v of elements a e K such that <p(a) + oo. Then by 
P(l), P(2) and P(3), & v is a ring which is neither zero nor the whole of 
K, and ip is a homomorphism of this ring into J]. Since ^ is a field, the 
kernel of this homomorphism is a prime ideal W of 

Let b be an element in K which is not in G v . We contend that <p(-) - 

1 

0. For if this mere not true, we would get 1 - w(\) - <p(b). cp(-) = oo, 
i b 

by P(2). Thus - e <3( , and thus <3( is precisely the set of non-units of 
b 

Gtp. Since any ideal strictly containing &~ should contain a unit, we see 
that 'W is a maximal ideal and hence the image of G v in ^ is again a 
field. We shall therefore always assume that £ is precisely the image of 
G v by <p, or that ip is a mapping onto J] U(oo). 
The above considerations motivate the 




a . oo = oo.a - oo for every a e 
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Definition. Let K be afield. A valuation ring of K is a proper subring 

G of K such that if a e K*, at least one of the elements a - is in G. 6 

a 

In particular, we deduce that G contains the unity element. Let <3( be 
the set of non-units in G. Then is a maximal ideal. For, let a e G, b e 

W . If ab <3f , ab would be a unit of G, and hence — e G. This implies 



that a— - — G G, contradicting our assumption that b is a non-unit of 

ab b 

G. Suppose that c is another element of To show that b - c € <3S , 

we may assume that neither of them is zero. Since G is a valuation ring, 

b c b b b — c 
at least one of - or -, say -, is in G. Hence, 1 = e G. If 

C 1 C 1 b C 1 

b - c were not in ', 6 G, and hence • = - e G, 

b - c b - c c c 

contradicting our assumption that c e . Finally, since every element 

outside <3f is a unit of G, & is a maximal ideal in G. 
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3 (Contd.) 

In this lecture, we shall establish the equivalence of the concepts of val- 7 
uation, place and valuation ring. 

Two places ip\ : K — > £i U(oo) and (p2 : K — > £ 2 u (°°) are said to 
be equivalent if there exists an isomorphism i of £i, onto £ 2 sucn that 
^>2(«) = A o ^i(a) for every a, with the understanding that Moo) = oo. 

This is clearly an equivalence relation, and thus, we can put the set 
of places of K into equivalence classes. Moreover, equivalent places <pi 
and (fi2 obviously define the same valuation rings G m and G V2 . Thus, to 
every equivalence class of places is associated a unique valuation ring. 

Conversely, let G be any valuation ring and its maximal ideal. 
Let be the quotient field GfSf and r\ the natural homomorphism of 
G onto Yl- It i s an easy matter to verify that the map <p : K — > X J7{cxi} 
defined by 




T](a) if a e G 
oo if a £ G 



is a place, whose equivalence class corresponds to the given valuation 
ring G. 

Let vi and V2 be two valuations of a field ^ in the ordered group 
W\ and W2. We shall denote the unit elements of both the groups by 1, 8 
since it is not likely to cause confusion. We shall say that v\ and V2 are 
equivalent if v\(a) > 1 if and only if v 2 (a) > 1. 

Let v\ and V2 be two equivalent valuations. From the definition, it 
follows, by taking reciprocals, that v\{a) < 1 if and only if V2(a) < 1, 
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and hence (the only case left) v\(a) - 1 if and only if V2(a) = 1. Let 
a be any element of W\. Choose a e K such that v\(a) - a (this is 
possible since vi is onto W\). Define cr(a) - V2(a). The definition 
is independent of the choice of a since if b were another element with 
v\{b) = a, then v\{ab~ x ) = 1 so that V2(ab~ l ) - 1, i.e. V2(a) - V2(b). 
Thus, cr is a mapping from W\ onto W2 (since V2 is onto W2). It is easy 
to see that cr is an order preserving isomorphism of W\ onto W2 and we 
have V2(a) - (cr.vi)(a) for every a e K*. Thus, we see that the definition 
of equivalence of valuations can also be cast into a form similar to that 
for places. 

Again, equivalence of valuations is an equivalence relation, and we 
shall that equivalence classes of valuations of a field K correspond cano- 
nically and biunivocally to valuation rings of the field K. 

Let v be a valuation and G be the set of elements a in K such that 
v(a) < 1. It is an immediate consequence of the definition that G is a 

ring. Also, if a e K, v(a) > 1, then v ( - ) < 1 and hence - e G. Thus, 6 



9 is a valuation ring. Also, if vi and V2 are equivalent, the corresponding 
rings are the same. 

Suppose conversely that is a valuation ring in K and & its maxi- 
mal ideal. The set difference G - is the set of units of G and hence 
a subgroup of the multiplicative group K*. Let 77 : K* — > K* / G - & 
be the natural group homomorphism. Then rj(G*) is obviously a semi- 
group and the decomposition K*/G - <3f = r/(G*) U {\}U U rj(G*y l is 
disjoint, Hence, we can introduce an order in the group K* / ' G - W and 
it is easy to verify that 77 is a valuation on K whose valuation ring is 
precisely G. 

Summarising, we have 

Theorem. The valuations and places of a field K are, upto equivalence, 
in canonical correspondence with the valuation rings of the field. 




a 
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4 The Valuations of Rational Function Field 

Let K - k(X) be a rational function field over k ; i.e., K is got by ad- 10 
joining to k a single transcendental element X over k. We seek for all 
the valuations v of K which are trivial on k, that is, v(a) = 1 for every 
a € K*. It is easily seen that these are the valuations which correspond 
to places whose restrictions to k are monomorphic. 

We shall henceforward write all our ordered groups additively. 

Let ip be a place of K = k(X) onto £ U(oo). We consider two cases 

Case 1. Let <p(X) = £ + oo. Then, the polynomial ring k[X] is contained 
in Gfp, and <3/ n k[X] is a prime ideal in k[X]. Hence, it should be of 
the form (p(X)), where p(X) is an irreducible polynomial in X. Now, if 

r(X) € K, it can be written in the form r(X) - {p{X)Y— — -, where g(X) 

h(X) 

and h(X) are coprime and prime to p(X). Let us agree to denote the 
image in 2 of an element c in k by c, and that of a polynomial f over k 
by f. Then,we clearly have 



Conversely, suppose p(X) is an irreducible polynomial in k[X] and 11 
£ a root of p(X). The above equations then define a mapping of k(X) 
onto U {oo}, which is a place, as is verified easily. We have thus 
determined all places of k(X) under case[2(upto equivalence). 



fo 



ifp > o 
ifp = 
ifp<0 



<p(r(x)) 
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If Z is the additive group of integers with the natural order, the val- 
uation v associated with the place <p above is given by v(r(X)) = p. 

Case 2. Suppose now that <p(X) - oo. Then (fi(-) = 0. Then since K - 

X 

k(X) = k(-), we see that tp is determined by an irreducible polynomial 

p(-), and since tp—) = 0,p(Y) should divide Y. Thus, p(Y) must be Y 
(except for a constant in k), and if 



a + a\x + - + a n x" 
r(X) - - ■ — -,a n ,b m + 0, 



b + b\x + - + b m x m 
<f(r(X)) = if 



2o + _£]_ + _ + n ^ 



h. + Jl. + _ + 



o ifm > n 

<*n '-C 

-r- itm-n 

b m ■> 

oo ifm < n 



The corresponding valuation with values in Z is given by v(r(X)) - 
m-n - - deg r(X), where the degree of a rational function is defined in 
the degree of the numerator-the degree of the denominator. 

We shall say that a valuation is discrete if the valuation group may 
be taken to be Z. We have in particular proved that all valuations of a 
rational function field trivial over the constant field are discrete. We shall 
extend this result later to all algebraic function fields of one variable. 



5 Extensions of Places 



12 Given a field K, a subfield L and a place <pl of L into we wish to 
prove in this section that there exists a place <pk of K into J] 1 , where J] 1 
is a field containing J] and the restriction of ipx to L is tpL- Such a ipx is 
called an extension of the place ipi to K. For the proof of this theorem, 
we require the following 

Lemma (Chevalley) . Let K be a field, & a subring and cp a homomor- 
phism of into a field A which we assume to be algebraically closed. 
Let q be any element of K*, and 6\q\ the ring generated by G and q in 
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K. Then <p can be extended into a homomorphism O of at least one of 
the rings G[q], &[-], such that CD restricted to & coincides with <p. 

q 

Proof. We may assume that <p is not identically zero. Since the image 
of 6 is contained in a field, the kernel of <p is a prime ideal which is 

not the whole ring G. Let <ff l = U jj a, b e G, b £ ^ j. Clearly, G 1 

is a ring with unit, and <p has a unique extension (p to G x as a homomor- 

(a \ (fi(a) 
- = . The image by <p is then the quotient field 
bl <p(b) 

£ of ip{ff). We shall denote <p(a) by a for a e G l . □ 

Let X and X be indeterminates over G x and £ respectively. <p can 
be extended uniquely to a homomorphism <^ of iff 1 [X] onto which 
takes X to X by defining 

<p(ao + aiA" + - + a n X n ) = d + d\X + - + a n X n . 

Let ^ be the ideal l [X] consisting of all polynomials which van- 13 
ish for X = q, and let <3? be the ideal <p(^) in ^[X]. We consider three 
cases. 

Case 1. Let - (0). In this case, we define <&(q) to be any fixed 
element of A. O is uniquely determined on all other elements of G l [q] 
by the requirement that it be a ring homomorphism which is an extension 
of <p. In order that it be well defined, it is enough to verify that if any 
polynomial over & x vanishes for q, its image by <p vanishes for ®(q). 
But this is implied by our assumption. 

Case 2. Let $ + (0), + Then & = (/(!)), where f is a non- 

constant polynomial over Let a be any root f(X) in A (there is a 
root in A since A is algebraically closed). Define - a. This can be 
extended uniquely to a homomorphism of & x [q], since the image by <p of 
any polynomial vanishing for q is of the form f(X)f(X), and therefore 
vanishes for X = a. 

Case 3. Suppose % = J^[X]. Then the homomorphism clearly cannot 
be extended to G x [q]. Suppose now that it cannot be extended to & l [-] 

q 
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either. Then if 8 denotes the ideal of all polynomials in G x [X] which 
vanish for -, and if 5 is the ideal tp(S)in ^[X], we should have 6 = 

Yi[X]. Hence, there exist polynomials f(X) = ao + a{X h v a n X n and 

bQ + blX +- + b m X m such thatip(f(X)) = <p{g{X)) = 1, f(q) = g[^j = 0. 

We may assume that f and g are of minimal degree n and m satisfying 

14 the required conditions. Let us assume that m < n. Then, we have 
d Q - bo - 1, di - bj - 1 for i, j > 0. Let go(X) = b X m + • ■ ■ + b m . 
Applying the division algorithm to the polynomials b^fiX) and go(X), 
we obtain 

b n Q f(X) = g (X)Q(X) + R(X), Q(X),R(X) e l [X],degR < m. 

Substituting X - q, we obtain R(q) - 0. Also, acting with <p, we 
have 

1 - b n J{X) = go(X)Q(X) + R(X) = Q(X)X m + R(X), 

and hence, we deduce that Q(X) = 0, R(X) = 1. Thus, R(X) is a polyno- 
mial with R(q) - 0,R(X) = 1, and deg F(X) < m < n, which contradicts 
our assumption on the minimality of the degree of f(X). Our lemma is 
thus prove. 

We can now prove the 

Theorem. Let K be afield and & a subring of K. Let tp be a homomor- 
phism of G in an algebraically closed field A. Then it can be extended 
either to a homomorphism of K in A or to a place of K in A U (oo). In 
particular, any place of a subfield of K can be extended to a place of K. 

Proof. Consider the family of pairs {<p a , @ a \, where C a is a subring if 
K containing & and <p a a homomorphism of G a in A extending <p on 6. 
The family is non-empty, since it contains (<p, 6). We introduce a partial 
order in this family by defining (<p a , & a ) > (<pp, &p) if O a D 0p and >p a 
is an extension of <pp. □ 

15 The family clearly being inductive, it has a maximal element by 
Zorn's lemma. Let us denote it by (O, ff). & is either the whole of K or 
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a valuation ring of K. For if not, there exists a q e K such that neither 
q nor - belongs to G. we may then extend O to a homomorphism of 

q 

at least one of G[q] or G — in A. Since both these rings contain G 

\<1 

strictly, this contradicts the maximality of (cD, G). 

If G were not the whole of K, O must vanish on every non - unit of 

G; for if q were a non-unit and + 0, we may define <1> ( - ) = — j— 

W/ 

and extend this to a homomorphism of G - , which again contradicts 

the maximality of G. This proves that cD can be extended to a place of 
K by defining it to be oo outside G. 

In particular, a place <p of a subfield L of K , when considered as a 
homomorphism of its valuation ring G v and extended to K, gives a place 
on K; for if cp where a homomorphism of the whole of K in A, it should 
be an isomorphism (since the kernel, being a proper ideal in K, should 
be the zero ideal). But O being an extension of <p, the kernel contains at 
least one non-zero element. 

Corollary . If K/k is an algebraic function field and X any element of 
K transcendental over k, there exists at least one valuation v for which 
v(X) > 0. 

Proof. We have already shown in the previous section that there exists 
a place W\ in k(X) such that voy x (X) > 0. If we extend this place <3f\ to a 
place of K, we clearly have v^(X) > 0. □ 
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6 Valuations of Algebraic Function Fields 

It is our purpose in this paragraph to prove that all valuations of an al- 16 
gebraic function field K which are trivial on the constant field k are 
discrete. Henceforward, when we talk of valuations or places of an al- 
gebraic function field K, we shall only mean those which are trivial on k. 
Valuations will always be written additively. We require some lemmas. 

Lemma 1. Let K/L be a finite algebraic extension of degree [K : L] = n 
and let v be a valuation on K with valuation group V. If V denotes the 
subgroup of V which is the image ofL* under v and m the index of V in 
V, we have m < n. 

Proof. It is enough to prove that of any n + l elements a\,... a n+ i of V, 
at least two lie in the same coset modulo V . □ 

Choose at € K such that v(a;) = or; (i = 1, . . .n + 1). Since there can 
be at most n linearly independent elements of K over L, we should have 



This implies that v(Z,a,) - y(ljaj) for some i and j, i + j (see Lecture 
E §0- Hence, we deduce that 



;;+! 




Z/a, = 0, e L, not all /,• being zero . 



v{li) + v{ai) = vihad = vQjaf) = v(Jf) + v(aj), 
at - aj = v{ai) - v{a j) = v(lj) - v(/,-) e V 



15 
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and q-, and aj are in the same coset modulo V . Our lemma is proved. 17 

Let V be an ordered abelian group. We shall say that V is archime- 
dean if for any pair of elements or,y3 in V with a > 0, there corresponds 
an integer « such that na > p. We shall call any valuation with value 
group archimedean an archimedean valuation. 

Lemma 2. An ordered group V is isomorphic to Z if and only if(i) it is 
archimedean and (ii) there exists an element £ > in V such that it is 
the least positive element; i.e., a > => a > 

Proof. The necessity is evident. Now, let a be any element of V. □ 

Then by assumption, there exists a smallest integer n such that ng < 
a < (n + 1)£. Thus, 



< a - nt; < (n + 1)£ - = 



and since £ is the least positive element, we have a = n£. The mapping 
a e V — * n e Z is clearly an order preserving isomorphism, and the 
lemma is proved. 

Lemma 3. If a subgroup V of finite index of an ordered group V is 
isomorphic to Z, V is itself isomorphic to Z. 



Proof. Let the index be 



V : V 



= n. Let a,p be any two elements of 



V, with a > 0. Then na and nfi are in V a , n a > 0. □ 

Since V is archimedean, there exists an integer m such that mna > 
n(3, from which it follows that ma > /?. 
18 Again, consider the set of positive elements a in V. Then na are in 

V and are positive, and hence contain a least element n£ (since there is 
an order preserving isomorphism between V and Z). Clearly, £ is then 
the least positive element of V. 

V is therefore isomorphic to Z, by Lemma|21 

We finally have the 



Theorem. All valuations of an algebraic function field K are discrete. 
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Proof. If X is any transcendental element of K/k, the degree K : k(X) 

< oo. Since we know that all valuations of lc(X) are discrete, our result 
by applying Lemma [2 and Lemma [5] □ 

7 The Degree of a Place 

Let be a place of an algebraic function field K with constant field k 
onto the field kay U oo. Since <3f is an isomorphism when restricted to k, 
we may assume that kay is an extension of k. We shall moreover assume 
that kay is the quotient Gayl^ioy where is the ring of the place W 
and ^£oy the maximal ideal. We now prove the 

Theorem. Let & be a place of an algebraic function field. Then kay^ is 
an algebraic extension of finite degree. 

Proof. Choose an element X + in K such that &(X) = 0. Then X 
should be transcendental, since *3f is trivial on the field of constants. 



Let 



K : k(X) 



n < oo. Let a\,. . .a n+ \ be any (n + 1) elements of 19 

k<gr- Then, we should have a, = & (a,-) for some a, e K(i = 1, . . . n + 1). 
There therefore exist polynomials f(X) in k[X] such that 

n+1 

X fi(X)at = 0, not all fi(X) having constant term zero. □ 

!=1 

Writing f(X) = l t + X gi (X), we have 

n+1 n+1 

^ hat - -X^ a t gi{X), and taking 
(=i i=i 

the ^-image, 2 lm = -<3/{X) £ aig^X) = 0, € k, not all being 

i=l (=i 

zero. 

Thus, we deduce that the degree of kgrlk is at most n. 

The degree fay of kay over k is called the degree of the place 
Note that fay is always > 1. If the constant field is algebraically closed 
{e.g. in the case of the complex number field), fay - 1, since kay, being 
an algebraic extension of k, should coincide with k. 
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Finally, we shall make a few remarks concerning notation. 

If is a place of an algebraic function field, we shall denote the cor- 
responding valuation with values in Z by voy (yoy is said to be a normed 
valuation at the place The ring of the place shall be denoted by 
Gay and its unique maximal ideal by <3f . (This is not likely to cause any 
confusion). 

8 Independence of Valuations 

20 In this section, we shall prove certain extremely useful result on valua- 
tions of an arbitrary field K. 

Theorem. Let K be an arbitrary field and v,-(i - 1, . . . n) a set of valua- 
tions on K with valuation rings @i such that &{ <£ & j if i + j. There is 
then an element X e K such that v\(X) > 0, V{(X) < (i = 1, . . . n). 

Proof. We shall use induction. If n = 2, since G\ <£ &2, there is an 
X e @\,X &2, and this X satisfies the required conditions. Suppose 
now that the theorem is true for n - 1 instead of n. Then there exists a 
Y € K such that 

v 1 (Y)>0,v i (Y)<0(i = 2,...n-l). 

□ 

Since (J\nsubsetG n , we can find aZ e K such that 

vi(Z)>0,v ra (Z)<0 

Let m be a positive integer. Put X = Y + Z m . Then 

vi (7 + Z m ) > min(vi(y),mvi(Z)) > 

Now suppose r is one of the integers 2, 3, ... n. If v r (Z) > 0, r cannot 
be n, and since v r (Y) < 0, we have 



v r (Y + Z m ) - v r (Y) < 0. 
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If v r (Z) < and v r (Y + Z'" r ) > for some m r , for m > m r we have 

v r (T + Z m ) - v r (y + Z mr + Z m - Z mr ) = min(v r (y + Z mr ), v r (Z m - Z m ")), 

and v r (Z m - Z m ') = v r (Z m + v r (l - Z m ~ m ') = m r v r (Z) < 0, 
Since v r (l - Z m - m - v r (l) - 

Thus, v r (Y + Z m ) < for large enough m in any case. Hence X 
satisfies the required conditions. 

If we assume that the valuations v; of the theorem are archimedean, 
then the hypothesis that 6\ <£ &$ for i + j can be replaced by the weaker 
one that the valuations are inequivalent (which simply states that ffi ^ 
0j for i * j). 

To prove this, we have only to show that if v and v 1 are two archime- 
dean valuations such that the corresponding valuation rings G and G x 
satisfy & D @ x , then v and v 1 are equivalent. For, consider an element 

a e K* such that v{a) > 0. Then, v( -) < 0, and consequently - is not 

\a) a 

in G, and hence not in 6 X . Thus, v 1 [ - ) < 0, v l {a) > 0. Conversely, 

\a) 

suppose a e K* and v l (a) > 0. Then by assumption, v(a) > 0. Suppose 
now that v(a) = 0. Find b € K* such that v(b) < 0. If n is any positive 
integer, we have v(a n b) - nv(a) + v(b) < 0, a„b £ G. 

But since v 1 is archimedean and v l (a) > 0, for large enough n we 
have 

v\a n b) = nv\a) + v\b) >0,a n beG 1 . 

This contradicts our assumption that G v c G, and thus, v(a) > 
0. Hence v and v 1 are equivalent. Under the assumption that the v, 
archimedean, we can replace in the theorem above the first inequality 
V\(X) > even by the strict inequality v\(X) > 0. To prove this let 
X\ e K* satisfy vi(X\) > 0, v,(Xi) < 0, i > 1. Let Y be an element in 
K* with vi (Y) > 0. Then, if X = X x m Y, where m is a sufficiently large 
positive integer, we have 

vi(Z) = V1 (X?Y) - mvi(X0 + vi(y) > 0, 

v,-(X) - v,(Xf 7) = rnvKXi) + v,-(y) < 0, i = 2, . . . , n. 
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We shall hence forward assume that all valuations considered are 
archimedean. To get the strongest form of our theorem, we need two 
lemmas. 

Lemma 1. Ifvj(i - 1, . . . n) are inequivalent archimedean valuations, 
and pi are elements of the corresponding valuations group, we can find 
X{(i = 1, . . . n) in K such that Vj(X ( - - 1) > p,-, VjiXO > pj, i + j 

Proof. Choose Yi e K such that 

Vi (Yi) > 0,Vj(Yi) <0 for j*i. 

Put X{ = — . Then, if m is chosen large enough, we have (since the 

valuation are archimedean) 

Vj{Xi) = - Vj {\ + Yf) = -mvjiYi) > pj, i * j 
_Y m 

and Vi {Xi - 1) = v,(y— ^7) = mvt{¥d - v,(l + Yf) = mv^Yd > Pi . 

i 

since v - i{\ + YJ 1 ) = 0. □ 

A set of valuations v,-(i = 1, ... n) are said to be independent if given 
any set of elements a,- e K and any set of elements p, in the respective 
valuation groups of v,-, we can find an X e K such that 

v;(X - a,-) > pi. 

We then have the following 

Lemma 2. Any finite set of inequivalent archimedean valuations are 
independent. 

Proof. Suppose v,(/ = 1, ... n) is a given set of inequivalent archimedean 
valuations. If a, € K and p, are elements of the valuation group of the 

n 

Vi, put o-j = pi - minv,-(a;). Choose X{ as in Lemma^for the v, and cr,. 

7=1 

Put X = X a{K t . Then 
1 



Vi(X - ad = Vi 



Y^ajXj + aiiXi-l) 



> cri + minv,-(a;) = pi, 
7=1 
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and our lemma is proved. 



□ 



Finally, we have the following theorem, which we shall refer to in 
future as the theorem of independence of valuations. 

Theorem . If v,(/ - l,...ri) are inequivalent archimedean valuations, 

Pi is an element of the value group of v, for every i, and a\ are given 24 

elements of the field, there exists an element X of the field such that 



Proof. Choose Y by lemmaEJsuch that v,(F - a,) > p\. Find b,- e K such 
that Vj(bi) = pi and an Z e K such that v,(Z - hi) > pi. Then it follows 



PutX - Y + Z. Then, 

Vi(X - a t ) = Vi(Z + Y- a ( ) = Vi(Z) = p u 
and X satisfies the conditions of the theorem. 

Corollary. There are an infinity of places of any algebraic function field. 

Proof. Suppose there are only a finite number of places W\, . . . , □ 

Choose an X such that v^(X) > 0(i = l,...n). Then, v^(X + 
1) - v ^(l) - f° r an the places , which is impossible since X an 
consequently X + 1 is a transcendental element over k. 



Vi(X - ad = pi 



that Vj(Z) 



min(v,(Z - bj), Vi(fe/)) = Pi- 



□ 
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9 Divisors 

Let K be an algebraic function field with constant field k. We make the 25 

Definition. A divisor of K is an element of the free abelian group gen- 
erated by the set of places of K. The places themselves are called prime 
divisors. 

The group & of divisors shall be written multiplicatively. Any ele- 
ment % of the group & of divisors can be written in the form 

% = n Wwm 

where the product is taken over all prime divisors IV of K, and the 
v&C%f) are integers, all except a finite number of which are zero. The 
divisor is denoted by n. 

We say that a divisor is integral if v^(^) > 0, for every <3S , and 
that divides 6 if 6fy~ l is integral. Thus, divides 8 if and only if 
v&(6) > v&(<%) for every <3f. 

Two divisors ^ and 5 are said to be coprime if v^(^ + implies 
that v&(8) = 0. 

The degree d(!% ) of a divisor ty£ is the integer 

where is the degree of the place <3f . 26 
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The map % — > ) is a homomorphism of the group of divisors ■& 
into the additive group of integers. The kernel & of this homomorphism 
is the subgroup of divisors of degree zero. 

An element X of K is said to be divisible by the divisor % if v^{X) > 
vgri^) for every . Two elements X, Y e K are said to be congruent 
modulo a divisor (written X = ( mod <£0) if X - Y is divisible by 



Let 5 be a set prime divisors of K. Then we shall denote by Ttfi/ /S ) 
the set of elements X e K such that vgr(X) > vyity) for every W in S . 
It is clear that IS) is a vector space over the constant field k, and 
also that if divides 6,T(6/S) c W/5). Also, if 5 and S 1 are two 
sets of prime divisors such that S cS 1 , then rC^/S 1 ) c T(fy/S)). 
Finally, Y(<% /S) = T(6/S) if ^cT 1 contains no W belonging to S with 
a non-zero exponent. 

If S is a set of prime divisor which is fixed in a discussion and a 
divisor, we shall denote by ^ the new divisor got from ^ by omitting 
all & which do not occur in S : % = JJ <3T"*W 



Theorem. Let S be a finite set of prime divisors and ', 6 two divisors 
such that & divides 5. Then, 



27 Proof. By our remark above, we may assume that - ^ and 5 = S - 
Moreover, it is clearly sufficient to prove the theorem when 8 = 
% ', where ^ is a prime divisor belonging to S . For, if 8 - $/ < 3f\..'3/ n 



dimjt 



ns/s) 



= d(6 )-d(W ) = d(6 &- 1 ). 



we have 




ns/s) 



and d{5) - d(<&) = d(ty x ) + d(W 2 ) + ■■■ + d(<%). 



□ 



Hence, we have to prove that if ^ is a divisor such that all the 
prime divisors occurring in it with non-zero exponents are in S , and & 
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any prime divisor in S , we have 

dim r( ^ /5) =f =f 

By the theorem on independence of valuations, we may choose an 
element u e K such that 28 

v^( M ) = for all ^ in 5. 

If X\,X2, ■ ■ - Xf+i are any f + I elements of Y{?M /S), the elements 
X\u~ l , . . .Xf + \u~ l are all in Way. But since the degree of h% - &<&i<& 
over k is /, we have 

/+i 

aiX{U~ l e at e fc, not all a, being zero . 

i=i 
/+i 

Hence, £ a,-X,- e r(^^/5),a, e fc, not all a; being zero, thus 
(=1 

T(% IS) 

proving that the dimension over k of the quotient — — is < /. 

Now, suppose Fi ,...Yf are / elements of ^^such that they are lin- 
early independent over k modulo . Choose Y^ 1 e K such that 

vsy(y/ - F,-) > 0, v*(7/) > for <& * ^, e S.(i = \,f). 

By the first condition, Yj = Y,( mod $0, and hence Y, and Y* de- 
termine the same element in But by the second condition, the ele- 
ments uY\ belong to /S), and since Y\,...Yf are linearly indepen- 
dent mod <3f , no linear combination of uY\, . . . uYj with coefficients 
in k- at least one of which is non-zero-can lie in t^ty IS). Thus, 

TO) 

This proves our theorem. 
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10 The Space UW) 

Let °U be any divisor of an algebraic function field K. 29 

We shall denote by the set of all elements of K which are 

divisible by *% '. Clearly L(^) = T(W/S) if S is the set of all prime 
divisors of K, and thus we deduce that L(^) is a vector space over k and 
if 'W divides S, W%) D L(6). We now prove the following important 

Theorem. For any divisor % , the vector space L(fi/) is finite dimen- 
sional over k. If we denote its dimension by Kfi/), and if ^ divides 5, 
we have 

+ d(W) < 1(6) + d(6). 

Proof. Let S be the set of prime divisors occurring in % or S. 
Then, it easy to see that 

L{S) = UW)nT(6/S) 

Hence, by Noether's isomorphism theorem, 

L(f) _ fffl _ W&) + T(6/S) U®r/S) 
US) ~ W nT(5/5) ~ L(<5/5) C T(5/5) ' 

and therefore, dim^ — — < dim^ = d(S) - d{<W) 

L(S) US/S) 

Now, choose for S any integral divisor which is a multiple of ^ and 
is not the unit divisor n. Then, L(S) - (0); for if X were a non-zero 
element of L( ), it cannot be a constant since voy(X) > v<&(S) > for 
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at least one & , and it cannot be transcendental over k since v^(X) > 
v&(S) > for all &. □ 

This is not possible. This together with the above inequality proves 
that dim^ L(^) = < <x>, and our theorem is completely proved. 
Since L{^V) clearly contains only the constants, 1{^V) - 1. 



11 The Principal Divisors 

We shall now associate to every non-zero element of K a divisor. For 
this, we need the 

Theorem . Let X e K*. Then there are only a finite number of prime 
divisors & with vy(X) + 0. 

Proof. If X £ k, v<&(X) = for all & and the theorem is valid. 

Hence assume that X is transcendental over k. Let [K : k(X)] = N. 
Suppose . . . are prime divisors for which v^(X) > 0. Let 8 = 

n ^(X), and s =m,...%). □ 

i=i 

Then, dim& T ^s/s) ~ (^) ~ f^^iX). We shall show that this is 

(=i 

at most equal to N. 

Let in fact Y\,..., F^+i be any (N + 1) elements of Y{jY /S). Since 

AT+l 

[K : k(X)] = N, we should have £ //(X)y y = 0.//X) e jfc[X], with 
at least one /) having a non-zero constant term. Writing fj(X) = aj + 

N+l N+l 

Xgj(X), the above relation may be rewritten as £ ajYj = -X £ gj 



(X)Yj, not all a j being zero, and hence 



{N+l \ 



V l 



(N+l \ 

> v^ v (X) 

V l ' ) 
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iV+l 

This proves that £ OjYj e T(6/S), and therefore 
l 

n < V /w,(X) = d{5) = dim, ^//^ < N, 

By considering — instead of X, we deduce that the number of prime 
X 

divisors & for which vay(X) < is also finite, and our theorem follows. 

The method of defining the divisor (X) corresponding to an element 
X e K* is now dear. We define the numerator 3x of X to be the divisor 
]~[ & vgs(X) (the product being taken over all <3/ for which vey(X) > 

v&(X)>0 

0), the denominator JV X of X to be the divisor ft <3f~ v »{x), and the 

v&(X)<0 

principal divisor (X) ofX to be Y\ <W V ^ (X) = 

v ) ,(X)#0 ^ 

If X,y £ iP, clearly {XY) = (X)(Y) and (X~ l ) = (X)~\ Thus, 
the principal divisors form a subgroup ^ of the group of divisors ft. 

The quotient group 9? = — is called the group of divisor classes. The 
following sequence of homomorphisms is easily seen to be exact (i.e., 
the image of a homomorphism is equal to the kernel of the next). 

1 -»*• K* ->#->9l-> 1. 

In the course of the proof of the above theorem, we proved the in- 
equalities d(jV x ) < N, d{ix) < N, for a transcendental X, where [K : 
k(X)] = N. 

We will now show that equality holds 32 

Theorem . Let X be a transcendental element of K, and put N = [K : 
k(X)]. Then, 

d{lx) = d(^ x ) = N. 

In order to prove the theorem, we shall first prove a lemma. We 
shall say that Y e K is an integral algebraic function of X, if it satisfies 
a relation 

Y m + f m - X (X)Y m - x + - + f (X) = o,MX) e k[X]. 
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We then have the 

Lemma. IfYis an integral algebraic function ofX, and a prime divisor 
& does not divide Jrx, it does not divide JVy. 

Proof. Since <3f does not divide jVx, v&(X) > 0, and hence 
mv^(Y) = v&(Y m ) = v,Afm-i(X)Y m - 1 + 

m—l 

■■■ + MX)) > min(7v^(7)) = v v&(Y), 

v=0 

for some vo such that < vo < m - 1. This proves that (m - vo)v^(Y) > 
0, vg/{Y) > 0, and therefore does not divide jVy- Now, let Y be any 
element of K satisfying the equation 

f m (X)Y m + ---+MX) = 

Then, the element Z = f m (X)Y satisfying the equation 

Z m + g m ^{X)Z m - x + ---+g o (X) = 0, 

33 where gu{X) - fk(X)f™~ k ~ l (x), and hence Z is an integral function of 
X □ 

Suppose then that Y\,...Y^ is a basis of K/k(X). By the above 
remark, we any assume that the F, are integral functions of X. The 
elements X'Yj(i - 0,...t;j = \,...N) are then linearly independent 
over k, for any non-negative integer t. By the above lemma, we can find 
integer s such that ,yV^{Yj) are integral divisors. Hence, J^ +t {X l ){Yj) 
is an integral divisor for (i = 0,...t,j = I,... N), which implies that 
X'Yj are elements of L(^4 / ^' s ~ t ). Since these are linearly independent 
and N(t + 1) in number, we obtain 

N(t + 1) < 1(^T' V_( ) < l(^V) + d{JY) - d(^ x - s ~') = 1 + (s + t)d(jy x ), 

the latter inequality holding because ^£ s ~' divides jV . 
Nt + N - 1 

Thus, d{J/x) ^ > N as t —> oo, which taken together 

s + t 

with the opposite inequality we proved earlier shows that d{J/x) - N. 

It is clearly sufficient to show that d{JVx) - N, since the other fol- 
lows on replacing X by — and observing that k(X) = k{\ /X). 
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Corollary 1. IfX e K*, d((X)) - 0. This is clear when X is a constant. 
IfX be a variable, d((X)) - d{ix) - d(J6d = N - N = 0. Hence we get 
the exact sequence 

1 -» k* -» K* -» -» « -» 1, 

where #o is the group of divisor of degree zero and 3?o = is f/ie grow/? 
of divisor classes of degree zero. 

Corollary 2. Suppose C e s Jt « a c/ass of divisors. IF ,5 are two 
divisors of this class, there exists an X £ K* such that % = (X)6. 
Hence, d(^/ ) = d((X)) + d(S) = d(S), and therefore we may define the 34 
degree d(C) of the class C to be the degree of any one of its divisors. 

Corollary 3. IfX is any transcendental element, there exists an integer 
Q dependent only on X such that for all integral m, we have 

K^ x m ) + d^ x m )>-Q. 

Proof. We saw in the course of the proof of the theorem that for t > 0, 

l(jy£ s ~ t ) > N(t + 1) = d{JV x ){t + 1), 

and writing m = s + t, we obtain for m> s, 

l(^ x m ) + d{J^ x m ) > (1 - s)d{J/ x ) = -Q. 
For m < s, since jV~ s divides jV x m , we have 

K^ x m ) + d(^V x - m ) > l{,yV x s ) + d{,yV x ~ s ) > -Q. 

□ 
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12 The Riemann Theorem 

In the last lecture, we saw that if X is any element of K, the integer 35 
l(,y¥~ m ) + d(Jf^ m ) remains bounded below as m runs through all in- 
tegral values. We now prove the following stronger result, known as 
Riemann's theorem. 

Theorem. Let X be any transcendental element of K and (1 - g) the 
lower bound of l(,yV^ m ) + d(,j¥^ m ). Then, for any divisor & ', 

IC&) + d{W) >\-g. 

Proof. Let "1/ = ^^ 2 -1 , where and ^2 are integral divisors. Then 
clearly ^ 2 _1 divides % ', and we have 

ZC20 + D(fy) > l(%~ 1 ) + d(%~ 1 ). 

It is therefore enough to prove the inequality with in the place 
of^r. " □ 

The key to the proof lies in the statement that 1(6) + d(8) is unaltered 
when we replace 8 by 8{Z), where (Z) is a principal divisor. To prove 
this, consider the map defined on L{8) by 

Y e L{8) -» YZ 

This is clearly a ^-isomorphism of the vector space L(8) onto the 
vector space L(8(Z)). This proves that 1(8) = l(8(Z)), and since we 
already know that d(8) - d(8(Z)), our statement follows. 
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Observe now that for any non-negative integer m, we have 1(jY x m 36 
+ d{Jf- m! %i) > l(Jf x m ) + d(JV£ m ) >l-g. Since X is transcen- 
dental, d(jYx) > and it follows that for large enough m, 

\jY x m< %j) > md(^x ~ <K%) + l-g>0 

For such an m therefore, there exists a non-zero element Z in L{jV~ m 
fy). This clearly means that the divisor (Z)^¥ x ^ 2 _1 is integral, or that 
■jV x m divides (Z)^ -1 . Hence, we deduce that 

+ d{W{ 1 ) = l((Z)%- 1 ) + d{{Z)<%- 1 ) 

> \<,Jf x m ) + d{^ x m )>l-g 

which proves our theorem. 

The integer g is called the genus of the field. Since 

i + o - MO + <M0 >i-g, 

it follows that g is always non-negative. The integer 5{%~ l ) = + 
d{% ) + g — 1, which is non-negative by the above theorem, is called the 
degree of speciality of the divisor We say that ^ is a non-special or 
special divisor according as 6(^~ l ) is or is not equal to zero. We shall 
interpret 5{^~ y ) later. Incidentally, we have proved that if °k is any 
divisor and X e K*, the dimensions of the spaces L(^f(X)) and L(^f) 
are the same. 

This enables us to define the dimension of a divisor classC. Choose 
any element in C and define the dimension N(C) of C to be l{%). 
By the remark, this is independent of the choice of in C. 

13 Repartitions 

We now consider the following question, to which we are led naturally 
by the theorem of §Q If for every place W of K, we are given an element 
Xay of K, can we find an X in K such that v&(X—Xgr) > holds for every 
^? A necessary condition for such an X to exist is that v$f(Xay) > 
for all but a finite number of W . For, suppose v^{X^) < for some W . 
Then, since vgr(X - Xay) > 0, 

V<3r(X) = Vaj(X - Xaj + Xay) - T(M\{vay{X - Xay), Vy(Xty)) = Vay{Xay) < O, 
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and this can hold for at most a finite number of *3f . We now make the 
following 

Definition . A repartition is a mapping <3f — > of the set of prime 
divisors & ofK into the field K such that vey&v/) > ofor all but a finite 
number of W. 

We can define the operations of addition and multiplication in the 
space X of repartitions in an obvious manner. If H and are two repar- 
titions, and a an element of the constant field k, 

The newly defined mappings are immediately verified to be repar- 
titions. Thus, X becomes an algebra over the field k. We can imbed 
the field K in X by defining for every X e K the repartition ffx by the 
equations ( c &x)<3/ = X for every The condition for this to be a repar- 
tition clearly holds, and one can easily verify that this is an isomorphic 38 
imbedding of K in the algebra X. 

We can now extend to repartitions the valuations of the field K by 
defining for every place *3( , 

Clearly, we have the following relations 

vy(W) - vyCif) + vy(Sf) 
v<rC*f + Sf) > min(v^(^), vy(Sf)), 

and v^(^x) = v^(X) 

This leads to the notion of the divisibility of a repartition ^ by a 
divisor We shall say that is divisible by % if v&(T) > v&(W) 
for every <3( , and that ^ and <£ are congruent modulo = in 
symbols) if ^ - is divisible by . 

The problem posed at the beginning of this article may be restated 
in the following generalised form. Given a repartition c € and a divisor 

to find an element X of the field such that X = (The original 

problem is the case % = -yV). 

If is a divisor, let us denote by A(^) the vector space (over k) of 
all repartitions divisible by . Then we have the following 
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Theorem . If and 6 are two divisors such that divides 8, then 
A(fy) D A(6) and 

dim, -J— - = d{5) - d{^). 
39 Proof. Let S denote the set of prime divisors occurring in either % or 

r(^/5) 

5 with a non-zero exponent. Since dim, y(§/s) ~ ~~ ^ * s 

C T{<&IS) u A(<2r) 

enough to set up an isomorphism of onto the space . □ 

T(8/S) ' A(6) 

If x € T{<% , /S), define a repartition & x as follows: 



\X if&eS 
if^£S 



Clearly, <£ x e A(^), and X -> <g x is a £-homomorphism of r(^/5) 
into A(*%f). The image of an element X e T(%f /S) lies in A (5) if and 
only if v&(X) > v&(6) for every W e S , i.e., if and only if X e F(d/S ). 

Thus, we have an isomorphism of E^ji/j^ m t A (^0 ^ e s ^ a ^ s h ow 

F r(5/5) A(<5) 

that this is onto. Given any repartition ^ e A(^), find X e K such that 

v r (X - <*f) > vy((5) for every & e S. 

This means that the repartition Wx -^o is an element of A (6). Also, 
the above condition implies that for W e S, v<y(X) > rnin(v^(V), 
v^(<5)) > voyify). Thus, X is an element of T{% /S) and its image in 
A(%) 

is the coset ^ + A(<5). Our theorem is thus proved. 

A(S) 
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14 Differentials 

In this article, we wish to introduce the important notion of a differential 40 
of an algebraic function field. As a preparation, we prove the 

Theorem. If % and 8 are two divisors and & divides 6, then 

dim * A A ( 5? + 5 = + dm - w) + dm) 

A{o) + K 

and dim, ^ + K = ^'') = W) + <W +g-h 

Proof. We have 

A(<20 + K A(W) + (A(6) + K) A{fy) 



A(S) + K A{5) + K (A((5) + K) n A(<2T) 

But it is easily verified that (A(8) + K) n A(^C) = A (5) + L(^). 
Hence, we obtain 

AC2r) + A" A(-ar) ACZr)/ a (5) 



A(<5) + ^ A(5) + L(^) A(<5) + L(<$/)/ A (<5) 

AC2Q/ A ((5) _ A(<2Q/ A (g) 
n A(<5) " U$t)IU8) 

Thus, 

dim ~M6)T¥ = dimk 7^ " dim W 
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= (d(6) - d(W)) - (W ~ KS)) = (/(<5) + d{5)) - + d{W)), 

which is the first part of the theorem. □ 

Now, choose a divisor £ such that 

Z(S) + d(S) = l-g. 

Putting n & = min(v^((5), and <% = Yi <3f^ , we see that % 
divides both 8 and fi. Hence 

1 - g < /(<ar) + d{<%) < Z(fi) + d(fl) = 1 - g, 
and hence Z(^) + = 1 - g. 

Moreover, we have 

dim * 777T y ^ dim * + ^ = ^ + ^ - 1 + * = (5 ( <5 " 1 )- 

A(o) + K A(8) + A 

To prove the opposite inequality, suppose ^\ , . . . ^ m are m linearly 
independent elements of X over k module A(8) + K. If we put v<y - 

xmn{v&{%),v&{8)) and <% = U &rv* , clearly all the % lie in A(^). 

i ^ 

We deduce that 

m ^ dim * M J + 5 = (/(<5)+^))-(W+<W) < l(6)+d(S)-\+g, 
A(8) + K 

which proves that dim^ — ^ * s finite and < 8(8~ l ). The second part 
of the theorem is therefore proved. 

Definition . A differential a> is a linear mapping of X into Ic which van- 
ishes on some sub space of the form A(& + K). 

In this case, a> is said to be divisible by ^~ l .co is said to be of the 
first kind if it is divisible by ,jV 

If 8 divides , clearly A(5 _1 ) + K c A(fl/~ x ) + K, and therefore 
every differential divisible by is also divisible by 8. 
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Consider now the set D(fl/) of differentials u> of K which are di- 
visible by This is the dual of the finite dimensional vector space 
%//\(ty- [ )+K> an d therefore becomes a vector space over k of dimension 

dim k D(W) - diim, — -— 5(W). 

If cj\ and 0)2 are two differentials divisible by ^ and ^2 respec- 
tively, their sum is a linear function on 3£ which clearly vanishes on 
A(W~ l )+K, where % is (^1, (The greatest common divisor (g.c.d.) 
of two divisors ^ and <^ 2 is the divisor ^ = U 

Thus, d»i + a>2 is a differential divisible by Similarly, for a differen- 
tial oj divisible by "1/ and an element X e K, we define the differential 
Xcoby 

Xoj is seen to be divisible by (X)& . We then obtain 

(XY)oj = X(Yco) 
(X + Y)oj = Xoj + Yu 
X{a)\+a)2) = Xa>\ + Xa>2 

It follows that the differentials form a vector space over K. We now 
prove the 

Theorem. If a>o is a non-zero differential, every differential can be writ- 43 
ten uniquely in the form a> = Xcoofor some X e K. In other words, the 
dimension over K of the space of differentials of K is one. 

Proof. Let a>o be divisible by 5" 1 and oj by 8~ l . Let % be an integral 
divisor, to be chosen suitably later. The two mappings 

X e L(^- l 5 ) -> Xqojo e D(^~ l ) 
and X e L{W l 5) -» Xco e D{<%~ 1 ) 

are clearly k-isomorphisms of L(^ _1 8q) and L( £ fr~ 1 6) respectively into 
D(^ _1 ). Hence, the sum of the dimensions of the images in D(^ _1 ). 
is 

l{W- l 8 Q ) + l{fy~ l 5) > 2d{W) - d(6) - d(So) + 2-2g, 
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and is therefore > &imD(W~ l ) = 5(^/~ x ) = d(<%)+g-l if is chosen 
so that d(^) is sufficiently large. With such a choice of % , therefore, 
we see that the images must have a non-zero intersection in D(^~ l ). 
Hence, for some X$ and X different from zero, we must have 

Xqojq - Xco, co - XqX~ u)q = Ycoq, Y e K. 

The uniqueness is trivial. □ 

We shall now associate with every differential co a divisor. We re- 
quire a preliminary 

Lemma . If a differential co is divisible by two divisors & and 5, it is 
44 also divisible by the least common multiple Jzf of ' % and 5 (Definition 
of I. cm. obvious). 

Proof. Suppose c € e A(S>~ X ). Then, 

v&Cif) > -v^(fi) = -max(v^(^),v^(3)). 

Define two repartitions ( rf l and c £" by the equations 

fc* = <*f^ = for all ^ such that vy(<2r) > v 9 (S) 
fc* = 0, ^ = <g 9 for all <3f such that vy(<20 < v&{5). 

^ l and ^" are by the above definition divisible by and re- 
spectively, and - <?f 1 + ^ ". Hence, 

w(<*f) - co(^ 1 ) + ajtff") - 0. 

Since co must vanish on K, to must vanish on A(£ _1 ) +K. Our lemma 
follows □ 

Theorem. To any differential co + 0, f/iere corresponds a unique divisor 
(co) such that co is divisible by % if and only if(co) is divisible by % . 
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Proof. Suppose oj is divisible by a divisor % . Then, the mapping X e 
L(<^ _1 ) — > Xoj e B(jY) is clearly a k-isomorphism of L(^ _1 ) into 
D(jV). Hence, we deduce that 

l(^~ [ ) < dimD(^K) = 6(^) = l(Jf) + d(Jf) + g - 1 = g. 

On other hand, we have 

l(W~ l ) + d(fl/~ x ) = l-g + 6(1/) >2-g, 

since 8(9/) > 1. Combining these two inequalities, we deduce that 

<W < 2g - 2. 

45 

This proves that the degrees of all divisors dividing a certain differ- 
ential oj are bounded by 2g - 2. □ 

Now, choose a divisor (oj) dividing oj and of maximal degree. If 
were any another divisor of oj, the least common multiple 6 of and 
(oj) would have degree at least that of (oj), and would divide oj by the 
above lemma. Hence, we deduce that 5 - (oj) or that 1/ divides (oj). 

The uniqueness of (oj) also follows from this. Our theorem is proved. 

Corollary I. If X e K*,(Xoj) = (X)(oj). This follows from the easily 
verified fact that 1/ divides oj if and only if(X)& divides Xoj. 

This corollary, together with the theorem that the space of differen- 
tials is one dimensional over K, proves that the divisors of all differen- 
tials form a class W. This class is called the canonical class 

15 The Riemann-Roch theorem 

Let C be a class and % any divisor of C. If = 1, . . . ,n) are elements 
of C, = (Xj) are principal divisors. We shall say that the divisors 

are linearly independent if = 1, ...,«) are linearly independent 
over k. This does not depend on the choice of 1/ or of the respectively 
Xi of as is easy to verify. We now prove the 
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Lemma . The dimension N(C) of a class C is the maximum number of 
linearly independent integral divisors of C. 46 

Proof Let W be any divisor of C. Then, the divisors (Xi)W , (X 2 W 
(X n )^ are linearly independent integral divisors of C if and only if 
X\,...,X n are linearly independent elements of L(^ _1 ). Our lemma 
follows. □ 

We now prove the celebrated theorem of Riemann-Roch. 
Theorem. If C is any divisor class, 

N(C) = d(C) - g + 1 + N(WC~ l ). 
Proof Let ^eC. Then, 

N(C) = Z(^ _1 ) - d{W) - g + 1 + 6{W) = d(C) - g + 1 + 8{<%). 

□ 

But being the dimension of D(^) is the maximum number of 
linearly independent differentials divisible by % . Hence, it is the max- 
imum number of linearly independent differentials a>\,...,co n such that 
(uii)^ ~ x , . . . , (io n )^" 1 are integral. By the above lemma, we 
conclude that 5(^0 = NiWC' 1 ), and our theorem is proved. 
Corollaries E and W shall denote principal and canonical classes re- 
spectively. 

(a) N(E) = l(n) = l,d(E) = d(N) = 0. 

1 = N(E) = d(E) - g + 1 + N(W) =^ N(W) = g. 

g = N(W) = d(W) - g + 1 + N(E) => = 2g - 2. 

(b) If d{C) < 0, or if d(C) = and C * £, iV(C) - 0. 
47 If d(C) > 2g - 2 or if d(C) = 2g - 2 and C * W, 

iV(0 = d(0-g + i 
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Proof. Suppose N(C) > 0. Then there exists an integral divisor 
in C, and hence d(C) = d{^) > 0, equality holding if and only if 
= N or C = E. □ 



The second part follows immediately on applying that first part to 
the divisor WC~ l . 

(c) If W 1 is a class and g l an integer such that 

N(C) = d{C) - g l + 1 + N(W l C~ l ), 

We must have W = W l and g = g l . 

Proof. Exactly as in (a), we deduce that NiW 1 ) = g 1 ,d(W 1 ) = 2g l - 2. 
Again as in the second part of (b), we deduce that if d(C) > 2g l - 
2,N(C) = d(C) - g l + 1. Hence, for d(C) > max(2g - 2, 2g l - 2), 

N(C) - d(C) -g+l= d(C) -g' + hg^g 1 . 

Hence N(W l ) - g and d(W l ) - 2g - 2, and it follows from the 
second part of (b) that W — W l . □ 

This shows that the class W and integer g are uniquely determined 
by the Riemann-Roch theorem. 

Let us give another application of the Riemann-Roch theorem. We 
shall say that a divisor divides a class C if it divides every integral 
divisor of C. We then have the following 

Theorem. If C is any class and ^ an integral divisor, 

N(C) > N(CW) < N(C) + d(W) 

The first inequality becomes an equality if and only if % divides the 
class C% ', and the second if and only if ^ divides the class WC~ l . 

Proof. Since the maximum number of linearly independent integral di- 48 
visors in is clearly greater than or equal to the number of such 
divisors in C, the first part of the inequality follows. Suppose now that 
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equality prevails. Then there exists a maximal set 5\, . . . 8 n of linearly 
independent integral divisors in C, such that % 5\ , . . . %8 n forms such a 
set in C^. But since every integral divisor in is 'linear combina- 
tion of divisors of such a set' with coefficients in k (in an obvious sense), 
every integral divisor of C% is divisible by . □ 

Now, by the theorem of Riemann-Roch, 

N{CW) = d{C) + d(fU) + 1 - g + N(WC~ 1 ^- 1 ), 

and the second inequality together with the condition of equality follows 
by applying the first to WC -1 ^ -1 instead of C. 

Corollary. For any class C,N{C) > max(0, d{C) + 1). 

Proof. If N(C) = 0, there is nothing to prove, if N(C) > 0, there exists 
an integral divisor ^ in C. Hence we obtain 

N(C) = N{E<&) < N(E) + d{<%) = d(W) + 1 = d(C) + 1, 



and our corollay is proved. 



□ 
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16 Rational Function Fields 

In this lecture, we shall consider some particular function fields and find 49 
their canonical class, genus, etc. as illustrations of the general theory. 
Let us first consider the rational function fields. 

Let K = k(X) be a rational function field in one variable over k. We 
shall first show that k is precisely the field of constants of K. For later 
use, we formulate this in a more general form. 

Lemma. Let K be a purely transcendental extension of a field k. Then k 
is algebraically closed in K. 

Proof. Let (x,), e / be any transcendence basis of K over k such that 
K - k(xt). Since any element of K is a rational combination of a 
finite number of x,-, we may assume that / is a finite set of integers 
(l,...n). □ 

We proceed by induction. Assume first that n - 1. Let a be any 

element of k(xi) algebraic over k. a may be written in the form , 

where / and g are polynomials over k prime to each other. 
We then have 

/Ui) - ag(xi) = 

This proves that if a were not in k, x\ is algebraic over k(a), (since 50 
the above polynomial for x\ over K{a) cannot vanish identically ) and 
hence over k which is a contradiction. Hence a is in k. 
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Suppose now that the lemma holds for n - 1 instead on n. If a 
were an element of k{x\,...x n ) algebraic over k, it is algebraic over 
k{x\, . . . x n -i). By the first part, it should be the k(x\, . . . x n -\), and hence 
by induction hypothesis in k. Our lemma is proved. 

Let us return to the rational function field K. We have already seen 

that the prime divisors are (i)Nx, the prime divisor corresponding to — , 
and (h')^(x>» the prime divisors corresponding to irreducible polynomi- 
als p(X) in k[X]. If f(X) is a rational function of X over k having the 
unique decomposition p e ^{X) • • • p e r "(X), the principal divisor (f(X)) is 
clearly given by 

r 

(nx)) = n % e j(x)N X degf 

v=l 

It follows that the space L(N^) for t > consists precisely of 
all polynomials of degree < t, and since there are t + 1 such poly- 
nomials independent over k, and generating all polynomials of degree 
< t, (1, X, ... X' for example), we deduce that 

N(N' X E) = t+l. 

But by the corollary to the Riemann - Roch theorem, if d(N' x E) - 
td(N x ) = t>2g-2,we should have 

N(N' X E) = d(N' x E) + l-g = t +l-g, 

51 and hence, g = 0. Thus, there are no non-zero differentials of the first 
kind. 

Since d(N x 2 E) = -2 = 2g-2 < 0, it follows that N(N X 2 E) = = g. 
and hence W = n~^E. 

17 Function Fields of Degree Two Over a Rational 
Function Field 

We start with a lemma which will be useful for later calculations. 
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Lemma. Let K/k be any algebraic function field and X e K any tran- 

fi C^O 

scendental element. IfR(X) = — is any rational function ofX, then 

h\X) 

fi and h being prime to each other (R(X)) - — -N dsgR ^ an d 3. 

if 2 

and if 2 are prime to each other and both are prime to Nx- Moreover, 
[k(X) : k(R(X))] = max(deg fi , deg fi). 

Proof. Let f{X) be any polynomial over k of the form 

f(X) = a + a{X + h a t X'. 

If <3f is a prime divisor not dividing Nx, i.e., if v?y(X) > 0, we have 
v$s(f(X)) > min(yv^(X)) ^ o). If on the other hand, & does occur in 
Nx, we have vqy(X) < o, and hence 

v&(f(X)) = min(vv^(X)) = tv 9 (X) 

v=o-t 

Thus, we see that 3/ is prime to Nx and Nf( x) = N' x . □ 

fi c^o 

Hence, if R(X) = J -f-^, where (/i,/ 2 ) = L we have 

/2(a) 

(R(X )) = ^A N '^R(X) 
if 2 

We assert that 3y, and 3y 2 are prime to each other. For if not, let 3^ 52 
and 3/ 2 have a prime divisor in common. Then vayiX) > o. Find 
polynomials g\ and g 2 such that 

figl +f2g2 = L 

Then, = v^(l) = v^{fig x + / 2 g 2 ) 

> min(v^(/i) + v&(gi),v&(f 2 ) + v<r(g 2 )) > 0, 
a contradiction. Thus, 3^ and 3y 2 are prime to each other. 
To prove the last part of the lemma, we may assume without loss of 
generality that deg fi > deg / 2 or that deg R(X) > (otherwise consider 

j^Tj^ )- ^ th en follows that 

3R(Z) - 3/ l( x), : k(R(X))] = [tf : k(R(X))]/[K : 
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~ d(N x ) ~ d(N x ) ~ d(N x ) ~ eg/1- 

Our lemma is proved. 

It follows in particular that k(x) = k(R(X)) if and only if max(deg f\ , 

deg f 2 ) = 1, or R(X) = " X + - , a,f3,y,6ek and a6 - By + 0. 
yX + 6 

Now, let k be a field of characteristic different from 2, X a tran- 
scendental element over k and K a field of degree two over k(X) which 
is not got from an algebraic extension of k (viz., K should not be got 
by the adjunction to k(X) of elements algebraic over k). Then k is the 
constant field of K, for if it were not, there exists an element a of K 
53 which is algebraic over k but not in k. a cannot lie in k(X), since k is 
algebraically closed in k(X). Hence, k(X, a) should be an extension of 
degree at least two over k(X), and should therefore coincide with K. But 
this contradicts our assumption regarding K. 

Now, K can be get the adjunctions to k(X) of an element Y which 
satisfies a quadratic equation 

Y 2 + bY + c = 0, b, c £ k(X) 

Completing the square ( note that characteristic k + 2), we get 



i i b 

and hence k{X, Y) - k(X, Y ) where F = Y + - satisfies equation of 

the form y 1 ' = R(X),R(X) being a rational function of X. Let = 

r 

]~[ /?y r W, where p v (X) are irreducible polynomials in k[X] and e v are 

v-l 

integers. Putting e v = 2g v + e y , where g v are integers and e v = or 

1, and Y" = — , we see that k(X, Y) = k(X, Y"), and Y" 

1 1 p"> 'g g amma(X) 

V 

satisfies an equation of the form 

r 

Y" 2 = Y\p y \X) = D{X), 
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where D(X) is a polynomial which is a product of different irreducible 
polynomials. 

We shall therefore assume without loss in generality that K = k(X, Y) 
with Y 2 = D{X) of the above form. Let us assume that m is the degree 
of D. 

Now, let cr be the automorphism of K over Ic(X) which is not the 54 
identity. If Z = Ri(X) + YR 2 (X) is any element of K,Z" = R X {X) - 
YRjiX). To every prime divisor <3f of K, let us associate a prime divisor 
& a by the definition 



vg^(Z) = v^(o~ Z) 



This can be extended to an automorphism of the group ■& of divisors 
(see Lecture U9l. We shall denote this automorphism again by cr, and 
the image of a divisor by Since X°~ - X, N£ - N x . 

Suppose now that Z = Ri(X) + YR 2 (X) is any element of L(N^') (t 
any integer). Applying cr, we deduce that R\(X) - YR2(X) should also 
be an element of L(N^'). Adding, 2Ri(X) € L(N^),Ri(X) € L(N-'). 

If R\(X) - , where f\ and gi are coprime polynomials, we have 

(Ri(X)) = ^L^ degi?1 divisible by N%, and hence we deduce that - 

n, and gi(X) is a constant. Hence is a polynomial of degree < t 

(if t< o,R t (X) = 0). 

Also, since both Z and Z°" are in L{N^). This implies as before that 

R 2 - DR 2 ^ is a polynomial of degree < It. Hence DR 2 is a polynomial 

of degree < 2t, and since D is square free, R2 is a polynomial of degree 
m 

<t . 

2 

Conversely, by working back, we see that if R\ is a polynomial of 
degree < t and R2 a polynomial of degree < t = w, Z = R\ + YR2 € 
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L(N X ') . Hence, we obtain 



N(EN' X ) = l(N x ! ) = 






if 


t + 1 


if 


t + 1 


if 


2t + 2- 


2 11 


2t + 2- 


2 11 


k(X)] = 


2, for f > 



if t < 



m 
2 



1 and m even 

< ^ 2 



- 2 

m+l 
2 ' 



2g -2 and hence 



2, for t > g- 1, we have d{EN' x ) = 2t > 



N{EN t x ) = d{N t x )-g + \=2t-g + \ 



m 



Comparing with the above equations, we deduce that g is — - 1 if 

m is even and m - if m is odd. 
2 

Thus, we obtain examples of fields of arbitrary genus over any con- 
stant field. 

R-l 



The canonical class of K is EN X . For, 



d{N g x l E) = 2g-2, 



\g-\ + \=g if g>0 
\0 = g if g = 0. 



and A^(^V* E) = 

If gg > o, there exists a differential to of the first kind with (to) - 
N x ~ l . Then clearly the differentials to,Xto, . . . ,X g ~ l oo are all of the first 
kind and are linearly independent over k, and as they are g in number, 
they form a base over k for all differentials of the first kind. 



18 Fields of Genus Zero 

We shall find all fields of genus zero over a constant field k. 

First, notice that any divisor of degree zero of a field of genus zero 
is a principal divisor. For let C be a class of degree 0. Then since 
d(C) >-2 = 2g-2, N(C) = d(C) - g + 1 = 1 and therefore C = E. 
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Now, 

d(W~ l ) = 2 > 2g - 2,N(W- 1 ) = 2 - g + 1 = 3, 

and therefore there exists three linearly independent integral divisors 
^i, ^2, ^3 in the class W~ l (incidentally, this proves there exists inte- 
gral divisors, and consequently prime divisors of degree at most two). 

Let — = (X). Then clearly jYx divides and hence we obtain 

[K : k(X)] = d(N x ) < d(W 2 ) = 2. 

Thus, any field of genus zero should be either a rational function 
field or a quadratic extension of a rational function field. We have the 
following 

Theorem . The necessary and sufficient condition for a field of genus 
zero to be a rational function field is that it possess a prime divisor of 
degree 1. 

Proof. If K - k(X), the prime divisor nx satisfies the requisite condi- 
tion. 

Conversely, let W be a prime divisor of degree 1 of K. Then, 
N(&E) - d{^) + 1=2, and therefore there are elements X X ,X 2 in 57 
K linearly independent over k such that X\<3f = ^ and X2& - ^2 

X\ X\ ^\ 

are integral divisors. Thus if X - — ,(X) = (— ) - — , and d(Nx) < 

A2 A2 U2 

d{<% 2 ) = d{<&) = 1. But X is not in k, and hence d{N x ) - 1 - [K : k{X)], 
from which it follows that K = k(X). The theorem is proved. □ 

19 Fields of Genus One 

Let K/k be an algebraic function field of genus 1 . Then, since N(W) - 
g - 1 and d(W) - 2g - 2 - 0, the canonical class W coincides with the 
principal class E. 

A function field of genus one which contains at least one prime di- 
visor of degree one is called an elliptic function field. (The genus being 
one does not imply that there exists a prime divisor of degree one. In 
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fact, it can be proved easily that the field R(X, Y), where R is the field 
of real numbers and X, Y transcendental over R and connected by the 
relation Y 2 + X 4 + 1 = has every prime divisor of degree two). Let us 
investigate the structure of elliptic function fields. 

Let W be a prime divisor of degree one. Then, since di^ 2 ) - 2 > 
2g - 2 = 0, we have Z(^" 2 ) = 2. Let l,X be a basis of L(^" 2 ) over k. 
Since X& 2 is integral, Nx divides "W 2 .Nx cannot be W , since if it were, 
we obtain [K : k(X)] = d(N x ) = d{<&) = l,K = k(X) and hence g = 0. 
Thus, A^x should be equal to W . 

Again, since /(3^~ 3 ) = 3, we may complete (/, X) to a basis (l,X, Y) 
of L(^~ 3 ) over fc. N y should divide W 3 , and since Y is not an element 
of L(^- 2 ),N y does not divide W 2 . Thus, N r - ^ 3 . 

The denominators of 1,X, Y,X 2 ,XY,X 3 and y 2 are respectively N, 
& 2 , ^ 3 , ^ 4 , ^ 6 and Since the first six elements have dif- 
ferent powers of W in the denominator, they are linearly independent 
elements of L(^~ 6 ). But Z(^~ 6 ) = 6, and the seventh element, being 
in L(^~ 6 ) should therefore be a linear combination of the first six. We 
thus obtain 

Y 2 + yXY + 8Y = a 3 X 3 + a 2 X 2 + a 2 X 2 + a x X + a , y, 8, a t e k. 

f(X) 

Now, if Y where a rational function of X, writing Y = , f(X), 

g(X) € k[X], (f(X), g(X)) - 1, and substituting in the above equation, 
we easily deduce that g(X) should be a constant, and that Y should be a 
polynomial in X of degree < 1. But this would mean that Y is divisible 
by ty 2 , which we have already ruled out. Hence, [k(X, Y) : k(X)] = 2 = 
d(N x ) = [K : k(X)], and consequently, K = k(X, Y). 

If the characteristic of k is different from 2, we may as in ^T^l find a 
Z such that K = k(X, Y), with 

Z 2 = f(X) 

where f(X) is a cubic polynomial in X with non-repeating irreducible 
factors. 

A partial converse of the above result is valid. Suppose that K = 
k(X,Z), where X is transcendental over k and Z satisfies an equation 
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of the form Z 2 - f(X), where f(X) is a cubic polynomial which we 
assume to be irreducible. Let ch(k) ± 2. Then, the genus of K is one, 
by §16. Also, since deg/(X) - 3,Z 2 e L(N X 3 ), and Nj divides N\. 
But since X is of degree 3 over k{Z), we have J(A^ Z 2 ) = 2d{N z ) = 2.[K : 
k(Zf[ = 6 = 3.[K : k(X)] - 3d(N x ), and therefore N z - N*. From this, 
it is clear that there exists a prime divisor *3f with di^V) = 1 such that 
N z - ^ 3 ,A^ X = 

Finally, suppose a field K is of genus greater than 1. Then, N(W) - 
g > o and d(W) - 2g - 2 > o, and hence we deduce the existence of 
an integral divisor + N of degree 2g - 2. Thus, we have proved that 
if g > 1, there always exists prime divisors of degree < 2g - 2. The 
minimal degree of prime divisors for a field of genus one is not known. 
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20 The Greatest Common Divisor of a Class 

We wish to find when the greatest common divisor of all integral divisors 60 
of a class is different from the unit divisor N. We assert that this is 
impossible when d{C) > 2g. In fact, let ^ be an integral divisor of the 
class C. Then we obtain 

d(C) - g + 1 = N(C) = NiC^- 1 ) = d(C) - d(W) + 1 - g + N(WC- ll W), 
dCW) = NiWC^W) < max(0, d(WC- 1( fr) + 1) 

and since 1 + d(WC~ l fy) <2g-2-2g + \ + d{W) = d(<%T) - 1, we 
should have d(fi/) = and = N. 

This is in a sense the best possible result. In fact, if there exists a 
prime divisor of degree 1 in the field, we have d(WW) = 2g - 2, and 
hence. 

N(W&) = d(W) + d{<3f) -g + \=g = N(W), 

which proves that <3f divides all integral divisor of the class WW. Nev- 
ertheless, if g > 0, we can prove that the greatest common divisor of the 
canonical class W is ./V. For, suppose %f + N is an integral divisor of W. 
Then, 

dimLC^" 1 ) = N(EW) = d{W) + 1 - g + N(WW~ l ) 
= d(W) + 1 - g + N(W) = d(W) + 1 > 2. 

Thus, there exists a transcendental element X e L(^~ l ). The divi- 
sor {X)% is then integral. Also, since N(W) - g > o, we can choose 
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a differential a> of the first kind. Then, (Xco) = ((X)^).((a>)^ _1 ) is 61 
also integral and therefore Xco is also first kind. By repetition of the 
argument, we obtain that X n co is of the first kind for all positive integers 
n. But since X is transcendental, jVx + JV , and hence X n to cannot be 
an integral divisor for large n. This is a contradiction. Our assertion is 
therefore proved. 

For fields of genus g > o, we shall improve the inequality N(C) < 
ma\{o,d{C) + 1). 

Lemma. If g > o and d(C) > o,C ± E, we have 

N(C) < d(C) 

Proof. We may obviously assume that N(C) > o. Then there exists 
an integral divisor ^ in C, and since C + E,^ + jV , and therefore 
d(C) - d(%f) > o. Since G > o, cannot be a divisor of the class 
W,and therefore 

g = N(W) > N(WW- 1 ) = N(WC~ l ) 

N(C) = d(C) - g + 1 + NiWC- 1 ) < d(C) -g + l+g-l= d(C). 

Our lemma is proved □ 

21 The Zeta Function of Algebraic Function Fields 
Over Finite Constant Fields 

In the rest of this lecture and the following two lectures, we shall always 
assume that k is a finite field of characteristic p > o and with q - p' 
62 elements,and that K is an algebraic function field with constant field k. 

If is any prime divisor of K, we shall call the number of elements 
in the class field k& the norm of <3f . Since [kay : k] - d^), we see 
that norm of <3f (which we shall denote by Ny- ) is given by 

AV - q d ^ 

We may extend this definition to all divisors, by putting 

9 
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Clearly we have for two divisors ^ and 6 

NW5 = NW.N5. 
Before introduction the zeta function, we shall prove an important 

Lemma . For any positive integer m, the number of prime divisors of 
degree < m is finite. The number of classes of degree zero is finite. (The 
latter is called the class number of K and is denoted by h). 

Proof. To prove the first part of the lemma, choose any transcendental 
element X of K. Let be any prime divisor of K with d(^V) < m and 
which does not divide ,jVx- (We may neglect those % which divide <Ax, 
since they are finite in number.) Let be the restriction of to k(X). 
<3f l must be a place on k(X). Since <3f l (X) + oo, there corresponds a 
unique polynomial (p(X)) which gives rise to W x . 

Now, since h&> c iy, we obtain 63 

deg(p(X)) - d{&') < d{W) < m. 

□ 

Since the number of polynomials of degree < m over a finite field is 
finite, and since there the are only a finite number of prime divisors <3/ 
of K which divide 3 p( x) for a fixed p(X), the first part of our theorem is 
proved. 

To prove the second part, choose and fix an integral divisor such 
that d(<%f ) > g.lfC is any class of degree zero, we have 

N(C%) > d(C) + d(%) - g + 1 > 1, 

and hence there exists an integral divisor % in C%> such that d(^ ) = 
d{C^ ) = d(%). But since 

d(ty) = Y i d(.&')v&($f),d(&) > \,v 9 {<&) > 0, 

and there are only a finite number of with d(W) < d{9/ ), there are 
only a finite of integral % with d(ffy ) = d{^ ) and consequently only a 
finite number of C with d(C) - 0. 
The lemma is completely proved. 
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Remark 1. Let p denote the least positive integer which is the degree of 
a class, since C — > d(C) is a homomorphism of the group 9? of divisor 
classes into the additive group Z of integers, we see that the degree of 
any class of the from vp where v is an integer, and that to any v, there 
correspond precisely h classes C^ p \ . . . , C^ vp) of degree vp. 

Remark 2. The number of integral divisors in any C is precisely 
Q mc)_ l 

. This is clear if N(C) = 0. If N(C) > 0, let <2r be any in- 

q-\ 

tegral divisor of C. Then all integral divisors of C are of the from (X)^, 

where X e L{^~ l ),X + 0. Also (X)<%f - (Y)fy if and only if J = ^ 

or X = ay, a e k*. Since the number of non zero elements of L(^ _1 ) is 
qN(C) _ y anc i ^e number of non zero elements of k is q - 1 our assertion 
follows. 

Now, let s - cr + it be a complex variable. For cr > 1 , we define the 
zeta function of the algebraic function field K by the series 



£(s, K) - V — -j- , s - cr + it, 



cr> 1 



the summation being extended over all integral divisors of the field K. 



Since 



1 



, and all the terms of the series are positive 



when s is real, the following calculations are valid first for s > 1 and 
the for complex s with cr > 1. In particular, they prove the absolute 
convergence of the series 

r(s,K) 

- X (number of integral divisors in C). q~ sd{C \ the last summation 

c 

being over all classes, 



- —ill* 



NiQ _ i )q sd(C). 



writing d(C) - vp, and noticing that q N{C) - 1 = if d(C) < 0, the above 
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expression becomes 

h 



" v=o l=\ " v=o 

Let us now put U = q~ s . Then \U\ = \q' s \ = q~ a < 1 since cr > I, 
and we can sum the second geometric series. Suppose now that g > o. 

We may then split the first sum into two parts, the ranging over o < 

2g-2 2g-2 
v < and the second over v > . (Since d(w) = 2g — 2,p) 

P P 
2g-2 

divides 2g - 2; or is an integer). In the second summation since 

P 

d(C ( * p) ) = vp>2g-2, we may substitute A^(C ; (vp) ) = vp - g + 1. We 
obtain the expression 



-5 - 

i_2 ? --Z^' )+ ^t Z 



h 

'qvp-g+i 



1=1 1 y >2££ 

p 



q-1 l-q s 



= T{s ,K) = ^- i f j U^Y J <l N{C > P)) 

" v=o 1=1 



| hq l -HUg) 2g ~ 2+p h 1_ 

q- \ I- (Uq)P q-ll-UP 

If g = o, N(C) = d(C) - g + 1 for all C with d(C) > o, and a similar 
computation gives 

hq 1 h 1 

t{S,K) = — (2) 

q-1 I- {Uqf q-W-UP 

Q and © may be combined as follows 

(q-l)T(s,K) = F(U)+R(U), (3) 
where F(U) is the polynomial 66 

F(U)= ^ ^(OrfdiC) (4) 

o<d(C)<2g-2 
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and R{U) the rational function 

1 (Ua) max(o ' 2g ~ 2+p) h 

R(U) = — — (5) 

* 1 - (Uq)P I -UP 

These formulae provide the analytic continuation of t(s, K) to the 
whole plane. The only possible poles are the values of s for which 
U p = 1 or (q u Y = 1. 

For a rational function field K = k(X), since g - o, h - 1 and p = 1, 
we obtain 

(*-iM**)= 9 1 " q ~ l 



l-Uq l-U (1 - £/<?)(! - U) 
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22 The Infinite Product for 

Let K be an algebraic function field over a finite constant field k. Then, 67 
the £ function of A' can be expressed as an infinite product taken over all 
prime divisors of K. 

Theorem. For s = cr + it, and cr > I, we have 

^=n i_(W)-* ' 

where the product is taken over all prime divisors & ofK. The product 
is absolutely convergent, and hence does not depend on the order of the 
factors. 

Proof. Since cr > 1, we have for any integer m> o, 

IL 13 ^ 7 = Hi 1 + Q&y + + '")' 

and since there are only a finite number of factors in the product, each 
factor being an absolutely convergent series, we may multiply these to 
obtain 

1~1 i - (N&)-* = 2 (N&y + 2 (N<&y 

N9<m v ' n^/<m v ' N"//>m v ' 

where the first summation is over all integral divisors % with N% < m, 
and the second over all integral divisors "1/ which do not contain any 
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prime divisor ^ with > m and which satisfy the inequality > 
m. □ 

Hence 



XL 1 - ^ ~ s ~ JL *H JL 

y — 



1 



and letting m — > oo, we obtain the asserted equality, since £ ( — 

being the remainder of the convergent series for £(cr, X), tends to zero 
as m — > oo. 

The absolute convergence of the product is deduced from the in- 
equality 



1 1 
+ 



+ - 



1 



+ 



1 



As a corollary to this theorem, we see that £(s, K) has no zero for 
<r> 1. 



23 The Functional Equation 

In the last lecture, we obtained the following formula: 

(q - tf) = F(t/) + R(U), where [/ - q~ s , 
F(U) = ^ ^(O^(C) 

o<d(c)<2g-2 



and 



R(U) = hq 1 -* ( - q> 



1 - (t/#)p 1 - Up 



Substituting for N(C) in F(U) from the theorem of Riemann-Roch, 
we obtain 

F(U)= ^ ^(Q-g+i+MWC- 1 )^^) 

o<rf(C)<2g-2 
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o<rf(C)<2g-2 V ^ 7 



Writing WC 1 = C 1 , and noticing that C 1 runs through the same set 
of classes as C in the summation, we have 

o<d(C l )<2g~2 V ^ ' V ^ 7 

We shall prove that a similar functional equation holds for R(U). 
First suppose that g > o. Then, 



/ i \2g-2+p 



If g = o, the only divisor class of degree zero is £" and hence h - 1. 
Also, since p divides 2g - 2 = -2,p = 1 or p = 2. If p = 1, we obtain 

7 1 0-1 



/?(£/) = 



\-qU \-U (\-U)(\-qU) 
0-1 



If p = 2, we get 



/?(!/) = 
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1_ -g-(jlj) 2 £T 2 

1 - ( ^ )2 " 1 - f/2 "l-(*) 2+ l-(^) 
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Thus, in any case, we have the functional equation 

R{U) = q g - l U 2g - 2 R 

Adding the equation for F(U) and R(U), we see that £(s, K) satisfies 
the functional equation 

(q - ms,K) = q^q^Kq - 1)£(1 - s,K), or 

as,K)=q g - l q s(2 - 2g) ai-S-K) 

We may also rewrite this in the from 

q s{q - l) £(s,K) = qV-^-V^l - s,K). 

Thus, the function on the left is unaltered by the transformation s —> 
l-s. 

24 L-series 

We wish to study the L-series associated to characters of the class group 
of an algebraic function with a finite constant field. 

Definition . A character X of finite order on the class group 9? is a ho- 
momorphism o/9? into the multiplicative group C* ofnon zero complex 
numbers such that there exists in integer N with X N {C) - 1 for all C in 

X(C) is therefore an N th root of unity for all C. We may define X on 
the group v of divisors by comparing with the natural homomorphism 
v -> 91, i.e., by putting X(fU) - X(fUE)for any divisor '. 

The L-function L(s, X, K) associated to a character X (which we 
shall always assume to be of finite order) is then defined for s = a + it, 
cr > 1 by the series 

L(s,X,K) = Y J X(W)(NW)- s 
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where the summation is over all integral divisors % of the field. The 
absolute value of the terms of this series is majorised by the correspond- 
ing term of the series £ ^qjy ~ ^) an d is therefore absolutely 

convergent for cr > 1. We may prove along exactly the same lines as in 
the case of the £ -function the following product formula: 

1 



L(s,X,K) = Y\- 



where & runs through all prime divisors and cr > 1. 
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25 The Functional Equation for the L-functions 

Let X be a character of finite order on the class group of an algebraic 72 
field K over a constant field k with q = pf elements. We consider two 
cases. 

Case 1. X when restricted to the subgroup 5? of of all classes of 
degree zero, is trivial; i.e., X(C a ) = I for C £ 8% . 

Let p be as before the smallest positive integer which is the degree 
of a class, and let C (p) be a class of degree p. Then 9? is clearly the direct 
product of 9l c and the cyclic group generated by C (p \ Set X(C (p) ) - 
e 2 ^. We then have 

Thus, the L-function reduces to a f- function in this case. We can 
therefore deduce a functional equation for L(s, X, K) from the functional 
equation for g(s, K). Define the character X conjugate to X by putting 
X(C) = X(C). Clearly, X is a character of finite order on the class group 
and is trivial on 5R , also XC (p) = e~ 2m ^. Then, we obtain the following 
relation for L(s, X, K) by substituting from the functional equation for 



= 2 J] e ln * n q- nps 

t n=-oo 
tyeC C (p) " 

p\ogq 
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the £ function. 



q ^L{s,X,K) = q ^As-^L\ 



= a:(W) 9 (1 -' s)( ^ 1) l(i-5,<y,^) 

73 since X(W) = (^(CW))— = e— (2g - 2) 

P P 

Case 2. Suppose now that X when restricted to 9? c is not identically 1. 
Let C he a fixed class with X{C\) + 1. 77iera, 

X{C\) J] <Y(C ) - ^ X(C l C ) = £ *(C ), 



ara<f therefore £ X(C ) - 

c e-n 

Again, using the fact that N(C) = if J(C) < 0, we obtain 

CO 

(q - \)L(s, X,K)= J] #(C ) J] A:' l (C w )(^ (CoC<P)) " - 1)^* 
C e9? n=0 

2g-2 

C„e9{ «=o 

+ 2 X(C ) J] < Y"(C (p) )(^- g+1 - l)^' 

p 

The second sum vanishes, since £ X(C ) - 0. 

C„e9l 

Thus, we obtain 

(*-l)L(5 f *,Z)= ^ XiCrfMu** 

o<d(C)<2g-2 

74 The coefficient of £/ 2i? ~ 2 is given by 
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2 X{C)q N ^ = X(W) ^ X(C )q N{C ° W) 

d(C)=2g-2 C e9? 



= X(W)\ J] X(C )q g -' +q g , 



since iV(C„W) = d(C W) -g + l= g-l if C * E and JV(W) = g, 

= - l)^(W)^" 1 * 0. 

Thus, L(s, X, K) is a polynomial in U - q s of degree 2g - 2 and 
leading coefficient q 8 ~ l X(W) 

Again, by substituting from the Riemann-Roch theorem, we have 

(q - \)L(s, X,K)= Yj X(C)q mC) U d{C) 

o<d(C)<2g-2 

^ X(Qq d{cyg+1+N{WC ~ [) U d{C) 

o<d(C)<2g-2 

= <f- l U 2 S~ 2 X(W) £ X{WC-')q NiWC - l) 



o<d(C)<2g-2 



i Y 

^t7 



Writing C 1 for WC 1 and noting that C 1 runs through exactly the 
same range of summation as does C, we obtain 

(q - l)L(s, X, K)=(q- \)q^ x U 2g - 2 X(W)L(\ - s, X, K), 

which is again the same functional equation that we got in Case 1. We 
have therefore proved the 

Theorem. For any character X of finite order, 

q sig - l) L{s,X,K) = X{W)q (1 - s)(g ~ 1) L{\ - sX,K). 
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26 The Components of a Repartition 

Our next aim is to introduce the L-functions modulo an integral divisor 75 
of an algebraic function field over a finite constant filed and to obtain 
their functional equation. We shall develop the necessary results for this 
in this and the next two lectures. 

Let K be an algebraic function field over an arbitrary (not necessarily 
finite) constant field k. For a repartition "io e 3£ and a prime divisor <3f , 
we define the component of ^ at J° to be the repartition defined by 



The mapping is clearly a ^-linear mapping of X into itself. This 
induces a linear mapping of the dual of JT into itself, by which a differ- 
ential a) is taken to a liner map w5 : 3£ — > 3£ given by 



a> is called the component of the differential co at 9 '.io is not, in 
general, a differential. For X e K, we have 



We shall now prove a lemma which expresses a differential in terms 
of its components. 




if ^is a prime divisor other than *3f . 
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Lemma. If co is a differential and a repartition, or^(^) - for all 
but a finite number of prime divisors & ', and we have 



9 



Proof. Let be a divisor which divides the differential u). Let 
^ , . . . , be the finite number of prime divisors for which either 
v^fS) + or v^(^) < 0. For + any of the <& u and any prime 
divisor , we have 



~ \v^(0) if * 0^ J I 00 if ^ ^ ^ 

and therefore tf* e A(^), w^(<?f) - wtff*) = 0. 



> vy(«r), 



Also, if we put <3f = <€ - £ # we have for any ^, 

i=i 

v y W = H*> if * iS "* a " y 1 > „(*). 

I v^(0) = oo if ^ is a certain ^ I 

and therefore <3/ e A(^). Hence, 



Z«*J + »(§**J" , "l§*' 



(=1 (=1 



Our lemma is proved. 

We shall now prove another useful 

Lemma. Let a> be a differential and c € a prime divisor. Then vay((u>)) is 
the largest integer m such that whenever X e K and vay(X) > -m, we 
have af^LX) = 0. 
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Proof. Suppose first that X e K with vy(X) > -v^((a>)). Then clearly 
the repartitions is in A((a») _1 ) and therefore op \X) - oj{X^) - 
0. □ 

Now, by the definition of (o>), od does not vanish on the space 
A^o*) -1 ^" 1 ). Hence there exists a repartition ^ e K{{wy lf 3^' 1 ) such 
that o>(tf) * 0. It is evident that for 9/ * <& , e A((aj)~ l ) and 
therefore a>Crf) + 0. Hence, 

+ oj{^) = ^ of**) = oji^ 9 ) 
Put X = Then, 

J\X) = io{X&) = * 

and v?y(X) = v&i'tf) > -v^((co)) - 1. 

Thus, v^((o>)) is the largest m for which v<&{X) > -m implies that 
oj^(X) = 0. 
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27 A Consequence of the Riemann-Roch Theorem 

In this lecture, we shall prove a theorem which will be crucial in the 78 
proof of the functional equation of the L-functions modulo an integral 
divisor. 

Let T be an integral divisor and the distinct prime divi- 

sors occurring in it. We prove a series of lemmas leading upto the proof 
of the theorem we mentioned above. 

Lemma 1. In any class C, there exists a divisor % such that v^ v (^) = 

0(V= 1.--T). 

Proof. Let ^ be any divisor of C. By the independence theorem for 
valuations, we may find X e K with 

v % (X) = -v % (W ) 

Then ty/ - (X)ty e C satisfies the required conditions. □ 

Let us denote by R the vector space T(n/Wi, % r ) and by i the sub- 
space rCF/^i, . . . R is not only a vector space over k, but also an 
algebra. In fact, if X, Y e R, 

v % {XY) = v % {X) + v*j(y) >0,XFe R. (i = 1, . . . r) i is an ideal 
of R, since X e R, Y e i implies that 

v % {XY) = v % {X) + v % {Y) > v % {T),XY e i. 

Thus, the quotient R - R/i is an algebra of 79 
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rankdimj. = 



TQT/% %) 



= d(T) 



over the field k. 

Now, choose a differential a> such that the divisor !F(a») is coprime 
to T. This is possible by Lemma^ We shall assume this a> to be chosen 
and fixed throughout the discussion. We define a linear function S on 
the algebra R by 



S vanishes on the ideal i, for if X e i, vq /y (X) > vo^ v {T), and 
since T{oS) is corprime to each <^ v , v^CF) + v^ y ((co)) - 0, vy/ v {T) - 
By the last lemma of the previous lecture, we deduce that 



Thus, S induces a linear map from the quotient R to the field k. This 
in turn gives rise to a bilinear form on R defined by (X, F) — > S(XY). 
Our next lemma states that this is non - degenerate. 

Lemma 2. IfX e R, X ± 0, there exist a? eR such that S(X.Y) - 1. 

Proof. Let X be any element of the coset X. Since X ± 0, we have 
X i and v<% v (X) < v^/ v {T) = -v%{(coj) for some v. Thus, Xco is a 
differential with v^ v (Xto) < 0. By the last lemma of the previous lecture, 
we deduce that there exists an element Fi e K such that v^ v (Y\) > and 



r 




r 



S(X) = Y j oj^(X) = 0. 



v=l 



{Xcof^iYx) * 0. 



□ 



Find Y 2 € K such that 



v^„(F 2 - Fj) > max(0, -v % ((Iw))), 
v^ v (F 2 ) > max(0, -v^ ({Xoj))). for * y. 



Since we also have 



v^ v (F 2 ) > min(v^ v (F 2 - F^v^FD) > 0, 
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it follows that F 2 e R. Also, for any /j. + v, we have by the second 
condition, (Xa>)^(y 2 ) = 0. Again, it follows from the first condition 
that 

(Xoj)^(Y 2 - Fi) = 0, (Xo/)^(y 2 ) - (^)^(^i) * 

Thus, 

r r 

s(x? 2 ) = 2 W *W2) = J](X6j) % (y 2 ) - (Xw)*-(y 2 ) = e * 0, 

and Y = Yj satisfies the conditions of our lemma. 

*-q 

Now, let % be any divisor coprime to T ■ Then, we assert that Ltftt ) 
is a subspace of R. In fact, we have for X e L(^), v^ v (X) > v<% v C%) - 
0. Also, we assert that L(^) n i = L{<%T). This follows from the 
following argument X e UWT) <^> v^(X) > v^(^r) + v^{T) for 
every ^ <^> v&(X) > v^(^) for every and v^ v (X) > v^ v (T) for 
(v = 1, , r). Hence, if we denote by L(^) the image of L(jW) under the 
natural homomorphism form R to R, we have 



dim k {L{W)) - dim k ——r = dim 



W) n i 

= dim * mm = im - mT) - 



This proves that the dimension of L(<&) depends only on the class 
of W . Since there are divisors in any class prime to T, we may define 
No(C) for a class C to be dim^ for any e C~ l coprime to T. 

For any class C, we shall call the class C* = WC~ lc F the comple- 
mentary class of C modulo T. We then prove the following 

Lemma 3. For any class C, we have 

N (C) + N (C*) = d(T). 
Proof. Let e C" 1 and 6 e C*" 1 be prime to !F. Then, 
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N (C) + N Q (C*) = dimL(^) + dimL(5) 
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= (l(W) - l(WT)) + (1(6) - l(5T) 

= N(C) - N(CT~ l ) + N(WC' l T) - N(WC~ l ) 

= (d(C) -g+l)- (d(CT- 1 ) -g + l) = d(T) 

by the Riemann-Roch theorem. Our lemma is proved. □ 

Now, let V be a vector space on a field k and B : VxV — > K a 
non-degenerate bilinear form on V. ( A bilinear form is said to be non- 
degenerate if for every X + 0, there exist aXi e V such that B(X, X\) + 
and for every Y ± there exists a Fi e V such that B(Yi, F) + 0. Let 
Vi be a subspace of V. Then we define the complementary subspace of 
V\ with respect to the bilinear form B to the space V\ comp of all elements 
82 Y eV such that B(X, Y) = for every I e Vi. We then have the 

Lemma 4. Let V be a finite dimensional vector space and B a; non- 
degenerate bilinear form on V. Then, if V\ is a subspace of V, we have 

dim k V\ + dim* V\ comp - dim V. 

Proof. Let V* be the dual of V. We can define a homomorphism tp : 
V -> V* which takes an element X e V ot the linear map <p(X) e V* 
defined by 

<p(X)(Y) = B(Y,X) 

Since B is non-degenerate, <p(X) + if X + 0, and </> is a monomor- 
phism. Since V is finite dimensional, dim V* = dim V = dim <p(V). 
Thus, <£> is also an epimorphism. □ 

Now, let V2 be the complementary subspace of V\. Then, every 
element of <p(V2) is a linear map of V into k which vanishes on the 
subspace V\ , and conversely every element of V* which vanishes on V\ 
should be of the form ip(X), where X e V2. Hence, we deduce that y>(V2) 
is isomorphic to the dual of the quotient space V/V\. Therefore, 

dimjt V 2 = dim* (p(V 2 ) = dimjtCW^i)* = dinijt V - dim k V\, 
dimjt V\ + dimk V2 - dim k V. 

The lemma is proved. 



27. A Consequence of the Riemann-Roch Theorem 
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83 Now, let ^ be a divisor prime to T and u> the ( already chosen 

and fixed ) differential such that {oj)T is prime to T ■ We define the 
complementary divisor fy* of as the divisor (co)~ 1( F tyf . It is 
clear that fy* is also prime to T and that if e C, € C*. We 

may then state our theorem as follows. 



Theorem. The complementary space of L( a &) in R with respect to the 
bilinear form B(X, Y) = S(XY) defined on R is UW*). 



Proof. Suppose X € lifi/) and Y e L(<%f*). Then, for any prime divisor 
W ± any of the we have 

v&(XY) > v&(W*) = v^((io)- l r~ l ) = -vgK(a>)), 

and therefore by the lemma of the previous lecture, 

co 9 {XY) = 

Hence, we obtain, 

n 

S(XY) = S(XY) = ^ 0)®(XY) = J] w^(XY) = a)(XY) = 0, 
since XY e K. Thus, we deduce that 



□ 

Now, let C and C* be the classes of and We then have 



dim* W) - M)(C*) = - N (C) 



= dim k R-dim k L(<%r) 
= dim k (L{<%f)) compi 

since B(X, Y) = S(XY) is non-degenerate by lemma|2 Hence, it follows 84 

that W^comp. = P). 
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28 Classes Modulo <F 

Let K be an algebraic function field over an arbitrary constant field k and 85 
T an integral divisor of K. We shall denote the distinct prime divisors of 
T by , . . . , °i/ r . We now define some groups associated to the integral 
divisor T . In all the cases, it is an easy matter to verify that the sets 
defined are closed under taking products or inverses. 

will be the group of divisors coprime to T , and the subgroup 
of all elements of w whose degree is zero. K* T is the multiplicative 
group of elements of K* which are coprime to T . E T is the group of 
principal divisors coprime to T. 

Clearly, k* c K* T , and since two elements of K*^ define the same 
divisors if and only if their ratio is a constant, we have the isomorphism 

E T ^ K*^l k , 

Moreover, since every class contains a divisor coprime to T, the 
saturation of ?r by E is the whole of ■&, and consequently 

E EH&T E E 

and similarly $^ I gr - &o- 

We shall say that X = Y( mod + T) if v % {X - Y) > v^(T) (i - 86 
1, r). The condition is evidently equivalent to saying that X - Y e 
Y{TI%\%). Let K* T be the set of elements X of K* which satisfy X = 
1( mod + T). If X e K* T , it follows that v % {X) = rmn(v^(X - 1), 
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v % (X)) = 0. Hence, if X, Y e K* , we have XY = Y = 1( mod + T) and 

therefore XY e K* r . Similarly, — is also in K* T . Since X e K* r =>^,- 

{X) = 0, we deduce that K*. Ejr shall denote the group of principal 

divisors of K* c K*^. Ef elements of Kp. It follows from the above 

inclusion that E<y c E T . Ef is called the ray modulo T. 

If T ± N, it is easy to see that k* n K* T = (1). Hence, we deduce, in 

K*k* K * 
this case, that E r = — - - K* r . 

The class group modulo T is by definition the quotient group %f - 
Ie t and its elements are called classes modulo f. The subgroup 
9?o r - $0 / E r of 9V is called the group of classes modulo T of degree 
zero and its order hf is called the class number modulo T. In the case 
of a finite field k, hj- can be expressed in terms of the class number h. 
We have the following theorem. 

Theorem. Let the constant field k be finite with q elements and let f be 
an integral divisor different from N. Then, 

Proof. From the isomorphisms 



it follows that 



Again, 

et_ 



E r /E r 



h= hr 



K*^k*/k* ~ K%.k* ~ K^k*/K, 



r 



K*k* k * 
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since T + N and therefore k* n K* r = {1}. Hence, we obtain 



Now , K* r is precisely the set of elements of T(N/^f\, . . . %f r ) which 
do not lie in any of the spaces T{%l<%\, . . . %). Also, if X, Y e K* r , 
they belong to the same coset modulo if and only if XY~ l = 1 
(mod + f) <=> X = Y (mod +r F) ( since Y is coprime to T) <=> 
X - Y e T(T/% ■ ■ ■ %). We deduce from these facts that (with S = 

[K* T : J^] = / im - J] / m nrk + £ / m "W"' 

i i+j 



_ q d(T) _ ^ q d(T)-d(%) + ^ q d(r)-d{%)-d{%) . . . 

Substituting this expression in the value of hf, we get the required 88 
result. 

Note that the theorem is not valid when T - N. In fact, we have 
%) N = %) and % = h. 

We shall end this lecture with a simple lemma asserting the existence 
of sufficiently many divisors in any class modulo T ■ 

Lemma. If % is any given divisor, any class Cf modulo T contains a 
divisor 5 prime to % . 

Proof. Let be any divisor of Cy. Find a Y e K such that 

v%(Y - 1) > v%ffP) (v = 1, . . . , r) 
and vo ?/ {Y) = -v<%{%) if vy(<2r) * and <3f + <% v 

Then it is easy to verify that 8 = ^q(Y) satisfies the conditions of the 
lemma. □ 
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29 Characters Modulo T 

We shall now introduce the characters of an algebraic function field K 89 
modulo an integral divisor T 

Definition. A chapter X modulo an integral divisor f is a homomor- 
phism o/9V into the multiplicative group of complex numbers with ab- 
solute value one. 

If is a divisor prime to T, we put X(fy) = X(WE r ). If <% = 
8j££ , where 8 and Jz? are mutually coprime and integral and Jz? coprime 
to T whereas 8 is not, we define X{%) - 0. X is this defined as a 
complex valued function on a subset of Y, and is clearly multiplicative 
(i.e., if X(&)) and X(6) are defined, X(WS) = X(WX(6)). Note that X 
is defined in particular on all integral divisors of K. 

Let X be a character mod f of K. An integral divisor T x is said 
to be a modulus of definition of X if for any X € K coprime to T and 
X = 1( mod +^ ro °) we have X((X)) = \.T itself is clearly a modulus of 
definition. The reason for our terminology is provided by the following 

Theorem. If X is a character mod T and IF 1 a modulus of definition 
of X, there exists a unique character X 1 ofK mod T l such that for any 
divisor % prime to TT 1 , 

X(W) = X\W) 

Conversely, if X and X 1 are two characters mod T and T l respec- 90 
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tively such that whenever % is coprime to T'T^, we have X(fi/) - 
X (^0, then T°° is a modulus of definition of X and X 1 is the character 
associated to X by the first part of the theorem. 

Proof. Suppose T l is a modulus of definition of X. If C^i is any class 
modulo IF 1 , we can find a divisor "1/ in Cy i coprime to T and we define 

X\C T i) = X(W). 

□ 

The definition is independent of the choice of % in Cpi. For ,if 
5 e Cpi and is coprime to T, there exists an X e K such that a fr8~ l = 
(X), X=l( mod + T l ) and X coprime to T. Hence 

X(^6~ 1 ) = - 1, 

X(W) = tf(<5). 

So defined, X 1 is evidently a character modulo T 1 which satisfies 
the condition 

X(W) = X\<&) 

if % is coprime to The uniqueness follows from the fact that this 
definition of T l is forced upon us by the above condition. 
The first of our theorem is proved. 
91 To prove the second part, suppose X and X 1 are two characters mod- 

ulo f and T x respectively satisfying the above condition. Then, if (X) 
is coprime to T and X = l(T l ), (X) is coprime to TT l , and therefore 

X((X)) = X\(X)) = 1 

This proves that T l is a modules of definition of X and X 1 the asso- 
ciated character mod T l . 

Corollary. T is a modulus of definition of X 1 . 

Our next theorem states that to any given character, there exists a 
'smallest' modulus of definition. To prove this, we require the following 
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Lemma. IfT and T" are two moduli of definition of a character mod- 
ulo f, their greatest common divisor T'" is also a modulus of defini- 
tion. 

Proof. Let X be coprime to T and X = 1( mod T'"). Find a Y e K 
such that 

v 9 {XY - 1) > v 9 {T x ) + \v&{X)\ if voy{T l T"'~ l > 0, (1) 
v&(X(Y - 1)) > vgriT") + \v ? y{X)\ if v &(T"T"'~ 1 > 0, (2) 

and v r (T - 1) > v&(TT'T") + \v«y(X)\ if ^ divides iFlF'lF" but does 
not belong to the first two categories. (3) 

Since f'" is the greatest common divisor of T' and f" the first two 92 
categories are mutually exclusive, and the third category is by definition 
exclusive of (Q or □ 

Now, one can easily verify that (F) is coprime to !F. Hence, iXY) is 
also coprime to T ■ We now assert that Y = 1 ( mod and XY = 1( 
mod + J r '). To verify the first, suppose is a prime divisor dividing 
!F". Then ^ must occur in one of the three categories. If <3f belongs to 
0, 

V ^(Y - 1) = V9 (XY - 1 + 1 - X) - v 9 (X) 

> mm(v ( HXY - 1), v 9 (X - 1)) - v,y{X), 

and since v&(X - 1) > v 9 {T"') = v&(T") > 0,v&(X) = 0, and the 
right hand side of the inequality becomes 

> mm(v&(r'),v ? y(T")) = v 9 {T"). 

If W belongs to category ©, we get 

v&(Y - 1) > v r (r") + \v 9 {X)\ - V 9 {X) > Voy{T"). 

Finally, for <3f in (3), we get again 



v&(y - 1) > v^cr"). 



88 



16. Lecture 16 



The second congruence XY = 1 (mod can be proved simi- 
larly. Since f' and T" are moduli of definition, we deduce that X(Y) - 
X{XY) = 1. Hence X(X) = 1. This completes the proof of the fact that 
T'" is a modulus of definition. 
93 The theorem we mentioned is a fairly easy consequence. 

Theorem . Let X be a character of K mod T. Then there exists a 
unique integral divisor m such that it divides every modulus of definition 
of S£ and every integral divisor which is divisible by it is a modulus of 
definition, m is called the conductor of X. 

If X\, is the associated character to m, the conductor of X\ is m 
itself. 

Proof. By the previous lemma, the g.c.d. of all moduli of definition of 
X is an integral divisor which satisfies all the conditions of the first part 
of the theorem. Let X\, be the associated character mod m. If the 
conductor of X\, is m\, it is clear that mi is also a modulus of definition 
of X. Hence m divides m\, and m\ divides m since mi is the conductor 
of X\. Thus, m = mi. Our theorem is proved. □ 

A character T modulo T is said to be primitive or proper if T is 
the conductor of X. 
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Throughout this lecture, we shall assume that K is an algebraic function 94 
field over a finite constant field k with q = pf elements. Let f be 
an integral divisor of K and X a character modulo T. For a complex 
variable s = cr+ it cr > 1, we define the L-f unction w.r.t. the character 
T by the infinite series 



the summation being over all integral divisors. The absolute conver- 
gence, etc. of the series do not offer any difficulty to prove, and we may 
also get the following product formula: 



31 The Functional Equations of the L-functions. 

Before proceeding to the proof of the functional equation of the L- 
functions, we shall prove some essential lemmas. Since it is possible 
to prove these in a general setting, we shall do so. 

Let A be a commutative algebra with unit element 1 of finite rank / 
over a finite k with q elements. We shall assume that a mapping X of A 
into the complex number is given with the following properties: 
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1) x(X) = if and only if X is a zero divisor is A 

2) x(XY)= X (XMY) for X,Ye A 

3) x(aX) = XQQ for X e A and a e k* 

4) If X is a zero divisor of A, there exists a Y in A such that XY = X and 

*(y) + o,x(Y) + i. 

We shall also assume that a ^-linear mapping 5 of A in k is given 
which is such that if X e A,X + 0, There exists a Y e A such that 
S(XF) = 1. Lastly, we assume that a complex valued function if/ is 
given on k such that (a) tA(0) = 1 and (b) £ ^(aO = 0- ( e -g> tA(0)) = 

1,(A(ck) = for or ^ satisfies the required conditions). We then 

q- 1 

have the following lemmas. 

Lemma 1. Let V be a vector subspace of A. Then, 



J]^(S(XY)) = 



XeV 



\q d ™ v if YeV comp . 
1 otherwise . 



Proof. If Y e V comp ,S(X, Y) = for every X e V and the first equality 
follows from condition (a) for if/. □ 

If Y $ V comp , we can find X\ e V such that SLX^Y) = 1. Complete 
X\ to a basis X\ , . . . Xj of V over k. Then the sum on the left is 



( ( d \\ 

ai,...,aa€K V Vi=l // ai,...,ajeK a\eK 



( d 

Ct\ + S 



\i=2 



o, 



since for fixed ai, . . . ad, the sum a\ + S{Yf i=2 &iXiY) runs through all 
elements of k when a\ does. Our lemma is proved. 

Lemma 2. Define the generalised Gaussian sum G{X,x)for X e A by 
G{X,x) = Y,* {Y)>)j{S{XY)) - 

YeA 
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Then we have 



G(X, X )= X (X)G(l, X ) 



Proof. Since A is a finite algebra every non-zero divisor is a unit. (In 
fact, if u is a non-zero divisor, ua ± ub if a + b, and since A is a 
finite set, uA - A. In particular, there exists and element u l e A with 
uu l = 1). □ 

Now, if X is a zero divisor, there exists an element u e A by 4) with 
Xu - X and x(u) + or 1; thus, u, is a non-zero divisor. Hence we 
obtain 

G{X, X ) = J]x(Y)HS(XuY)) = YjXiYu-'MSiXY)) 

YeA YeA 

= X{u l )G{X,x), 



and since X (u~ l ) =X~\u) * \,G(X, X ) = =x(X)G(l,x). HXis not a 
zero divisor, 

G(x, x ) = Y,x{y)^{S{XY)) = ^^(r'r)^s(F)) = x -\x)G(i, x ). 

YeA YeA 

Now, the units of A form a finite group and therefore there exists an 
integer n^O with X n = 1. Hence X '\X) = x(X") = XW = 1, = 1 
and^ _1 (Z) = X (X). The lemma is proved. 

Lemma 3. Let V be a subspace of A and 97 

XeV 

Then, 

M(V comp ,x) = q~ dimV A(x)M(V,x), 
where A(x) depends only on x and |A(^)| = q^ 2 
Proof. By the first two lemmas, we have 

q-* mV M(y comp ,x)= J] x(X)q dimV ^J]x(X)^(S(XY)) 

XeV comp XeA XeV 

= Y j YjX ( - X) ^ S( - XY)) Tj G( - Y 'X ) = J]x(Y)G(l,x) = G(l,X)M(V,x) 
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Put A(x) = G(l,x). It only remains to prove that |G(1,^)| = q^ 2 . 
Now, k can be imbedded in A by the mapping a e k — > ah e A. 
Also, 

M(k,x) ^T^Xte) = Y, x{l) = q ~ 1 * °" 

Choose ^ to be real. Taking V = in the above formula, we obtain 

G(l,x)G(l,x)M(k, X ) = G(l,x)qM(k comp x) = q dimka " np+1 M(k,x), 
G{\,x)G{\,x) = q f 

But since i]j is real, G(l,x) = G(l,x), and therefore 

|Afr)l = |G(1,*)| - <? //2 

Our lemma is proved. 

Since we had A(x) = G(\,x), we see that G(l,x) does not depends 
on the function By lemmaEJ it follows that G(X,x) is independent of 
i/r. (This may also be proved directly.) 

We now proceed to the functional equation 

Theorem . Let T he an integral divisor which is not the unit divisor 
and x ® proper character modulo T . Then L(s,x, K) is a polynomial in 
U - q~ s of degree 2g — 2 + d(fF) and satisfies the functional equation 

q s( z- l+L 2 d(r »L(s,x,K) = e(x)q (l - s)(g -^ d(r)) L(l - s, X ,K) 

where e(x) is a constant depending onx, with \e(x)\ = 1. 

Proof Let R be the algebra T(jf/%, . . . %), i the ideal T(T/%, 
. . . and R the quotient algebra R/i. □ 

Now, if X € R, X ± 0, Jfx is prime of T and x((X)) is meaningful. 
We shall show that xiQO) is constant on the cosets modulo the ideal i. 

Let X, Y e R, X - Y e i. If (X) is not coprime to T, (Y) cannot be 
coprime to f and therefore x((X)) = x(.(X)) = 0- If X is coprime to T , 
we have 

vm(j-l) = vm(Y-X)> Vm (T), 
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Y 



and hence - = 1( mod + <F),x(X) = X( Y )- 
A _ _ 

Thus, we may define for X e R a mapping which again we shall 
denote by x by the equation 

X(X)=x((X)). 

99 

Clearly we have xQQxiY) = x(XY) and^(orl) = xQO if a e k*. 
Also, x(X) = if and only if v%{X) > for some i. Find a Y e K such 
that 



Then, Y e R, Y + and XY = 0. Thus *(X) = implies that 
X is a zero divisor. Conversely, if X is a zero divisor, we should have 
VfyQO > f° r some i and therefore ;^(X) - 0. 

Now, suppose Z is a zero divisor in R. Then v^(Z) > for some i. 
Since x is proper character modulo T, is not a modulus of defini- 
tion of x- Hence there exists an element X e K*, with (X) coprime to 
T,X = 1( mod and ^((X)) * 1. Then we have (X - 1)Z = 0( 

mod + T),XZ = Z, and^(X) * or 1. 

Hence, the map x on ^ satisfies the conditions 1), 2), 3) and 4) 
stipulated at the beginning of this lecture. We have already seen (Lecture 
[T4l that if to is a differential such that , F(a») is coprime to T, S (X) = 

r 

S(X) = 2 OJ (X) has all the requisite properties. Now, 



where the first summation is over all classes C and the second over all 
integral divisors in the class C. Choose a divisor in the class C 100 
coprime to T '. We have 



v%<n = v % m - v%(x) 

v%(Y) = v^(T) for j + i. 



C ^€C 




C 
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since every integral divisor f G C can be written in precisely (q - 1) 
ways in the form (X)^c> where X is a non-zero element of L{^/^ 1 ). 
Again, since %c is coprime to f, L(fyf~ x ) c /? and two elements of 
) go to the same coset modulo / if and only if their difference in 
L(ty- l )T. We therefore have 



Applying lemma^with V = L(^ c l ), we have 

J] x(X) = M(v, x ) = A~ l (x)q dim V M(V comp ,x). 

XeL(^- v ) 

But by the theorem of lecture El we have 



^c'W=W( W )) 

Now, if d{C) < 0,N(C) = = and hence M(V,x) = 0. Also, 

if d(C) >2g-2 + d(T), d(C~ l rW) < 0, and N(C*) = l{^ c T{a))) = 0; 
hence again M(V,x) = 0. Substituting in the expression for L(s,x,K), 
we see that it is a polynomial in U = q~ s of degree at most 2g-2 + d{T). 

We have 



(q-l)L(s,x,K) =^~ Sd(Q xWc)q m ^M{UWS l ),X) 
c 

= a£) 2 q' sd(C)+N{C \i^c)M{L{%-\ omp x) by lemmaEl 

= i^y^ sm+N(0 xm)M(L((%- i r)x) 

A(y) ^ 

by the theorem of lecture [141 



(2s _ 1)( 1 _ g)+( ! 
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c 



= (q - i)^P^-i)(i- g ) + (i-Mn L(1 _ S ^, K ), since C* 

runs through all classes as C does. This gives 

q s( *- l+L 2 d(r »L{s,x,K) = e(x)q {l ~ s){g - l ^ dir)) L{l - s, X ,K), 

1 

Af((ft>):T)g2 

where e?(x> — , \e(x)\ - 1. 

That the degree in U of L(s,x, K) is exactly 2g - 2 + <i(!F) follows 
by comparing the coefficients of highest powers on both sides of the 
equation. Our theorem is proved. 
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32 Extensions of Algebraic Function Fields 

In the next five Lectures, we shall investigate the relations between an al- 102 
gebraic function field and an extension of it (see below for definition). In 
particular, we consider in the end the connection between the ^-function 
of a function field and the ^-function of a constant field extension. This 
gives in particular the interesting result that for algebraic function fields 
over a finite constant field, the smallest positive degree of a divisor is 1 . 
We start with the definition of an extension. 

Definition . Let K be an algebraic function field with constant field k. 
An extension ofK an algebraic function field L with constant field I such 
that Ld K and I n K - k. 

Now let L/l be an extension of K/k and Jf a prime divisor of L. If 
vjf(X) = for all X e is said to be variable over K or trivial on 
K. If this were not true, the restriction of vx to K defines a valuation 
of K trivial on k and should therefore correspond to a prime divisor <3f 
of K. In this case, J(f is said to be fixed on K and is said to lie over the 
prime divisor of K. Also, since the restriction of vj? to K and v^ are 
equivalent valuations with values in Z, the latter having the whole of Z 
for its value group, there exist a positive integer ei/ni^) such that 

v jrPO = eLiKV<s/(X) for all X e K 

cl/k(J^) is called ramification index of J(f over K. 103 

The relation between the residue fields of Jff and <3f is given by the 
following 
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Lemma . If L/l is an extension of K/k and a prime divisor J?T of L 
lies over a prime divisor *3/ of K, the residue field Kay of *3/ can be 
canonically imbedded in the residue field Lx ofW 

Proof. Let @, denote respectively the valuation ring and maximal 
ideal of and & and <3f those of & ' . Since vx and vay are equivalent 
on K, we clearly have G D & and <3f - & n J?T. Hence we have 
monomorphism <3f - G/ty — > G/Jif - Lx and Kay can be considered 
as imbedded as a subfield of Lx- □ 

We now give condition for L/K to be a finite or an arbitrary algebraic 
extension. 

Lemma. Let L/l be an extension of K/k. Then among the following 
statements, (1), (2) and (3) are equivalent and so are (1'), (2') and (3')- 

(1) [/:&]< oo (1') / is algebraic over k. 

(2) [L : K] < oo (2') L is algebraic over K 

(3) If is any prime divisor (3') If is any prime of L ly- 
of L lying over the prime ing over the prime divisor 
divisor of K,Lx is algebraic 
& of K[Lx '■ Kay] < oo over Kay 

Proof. We shall show that (1) o (2) <^> (3). The proof that (1)' o 
(2)' o (3)' is similar, and even simpler □ 

The equation (valid even when either side is infinite) 

[Lx : k] = [Lx : K 9 W» ■ k] = [Lx : W : *] 

show that (1) o (3) since [Kay : &] and [L^ : /] are both finite. 

We shall now prove that (1) <=> (2). Let X be any transcendental 
elements of K over k. Since X g k and L(~)k = l, X<£l and is therefore 
transcendental over 1. It follows that [K : k(X)] < oo and [L : Z(X)] < oo, 
and from the equalities 

[L : k(X)] = [L : K][K : - [L : Z(X)][Z(X) : 



it follows that [L : K] < oo ^ [/(X) : jfc(X)] < oo. 
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We shall now prove that [l(X) : k(X)] = [/:&], which would finish 
the proof of the theorem. 

Suppose a\, . . . ,a n are n linearly independent element of I over K. 
We assert that they are also linearly independent over k(X). For it there 
were a linear relation among these with coefficients in k(X) with at least 
one non-vanishing coefficient, we may clearly assume that it is of the 
form 



at least one gi(X) with a non-zero constant term. Since X is transcen- 
dental over I, we may put X - in the above equation to obtain a linear 
relation among the a>\ over k with at least one non-zero co-efficient. But 
this is impossible since the a,- are linearly independent by a assumption. 
Hence, [l(X);k(X)] >[/:*]. 

To prove the reverse inequality, we may assume that [I : k] < oo. 
Hence, there exists a finite set fi\, . . .fi r of element of I such that I = 
k(J3 u ...fi r ). Then 

[l(X):k(X)] = [k(X,fi u ...,fi r ):k(X)] 

= [k{X),fi u . . .fi r ] : k(X,fi u . - - ,fi r -i).[k(X,fiu ■ ■ ■ ,/3 r -i)] : 
k[X,fi u ...,fir-2]...[k(X,fi l ):k(X)] 

< [k,fi u . ■ -fir] : k(,fi u . ■ ■ ,fi r -i).[k{,Pu. ■ ■ ,Pr-2)] : 
k[,fi u ...,fir-2]...[k(fii):k(X)] 

since the degree of fi\ over k{X,fi\ ■ ■ -fii-\) is less than or equal to its 
degree over the smaller field k{fi\ ■ ■ ■ fii-\), [k{fi\ ■ ■ ■ fi r ) : k] - [I : k]. 
The proof of the lemma is completed. 

We shall call an extension L/l over K/k satisfying any of the condi- 
tions (1), (2), (3) of lemma a finite extension. If is a prime divisor of 
L lying over a prime divisor W of K, the positive integer \Lx '■ Koy] = 
di/ni-^) is called the relative degree of over K. It follows from the 
proof of the above lemma that 



n 



Y J <x iSi {X) = 



(=1 



VL X :/][/: k] = d L {Jtf) 
[K& : k] ~ d K m 



[I : k], 
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ddjnv ■■ k] = d L/K (jnd K m 

106 (The suffix to d indicated the field in which the degree is taken) 

If L/l is an algebraic extension of K/k, there does not exist any prime 
divisor of L which is variable over K. For, suppose v is a valuation on 
L which is trivial on K. Any elements a e L satisfies an irreducible 
equation 

a" + a\a n ~ l + • • • + a n - 0,a t e K, 
so that = v{a n ) = v{a) + v(a n ~ l + +a n -\) 

If v(a) > 0, we have 

via"" 1 +■■■ + a n -i) = min((n - l)v(ar), (n - 2)v(ar), 0) - 0, 

and we obtain a contradiction by substituting in the previous equation. 
Thus, v cannot be positive for any element of L, which is impossible. 

Now, let L/l be any extension of K/k. We shall prove that there are 
at most a finite number of prime divisors of L lying over a given prime 
divisor &~ of K, and that there is at least one. 

Let g be the genus of K and let C be the class of the divisor . 
Since d(C) = > g + 1, we have 

N(C) > d(C) -g + l>2, 

and there exists at least one more integral divisor ^ in C. Then, 

= (X)k where X e K and X transcendental over k. Hence X 
is also transcendental over / and the divisor (X)l has a decomposi- 

107 tion (X) L - — - — —— — , where h > 1, and a t > 0. We assert that 

W\ , . . . are precisely the divisors of L lying over <3f . For, if 
lies over <3( , vjf(X) > and hence should be one of the and since 
vje;(X) > 0, the restriction of v ^ to K should be a prime divisor oc- 
curring in the numerator of (X)k, and the only such prime divisor is . 
Our contention is proved. 
We now have the 
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Theorem. Suppose L/l is an algebraic extension of K/k. Let & be a 
prime divisor of K and J^i, . . . all the prime divisors ofL lying over 
<W. Then, 

h 

[L:K] = J]d L/K (je v )e L/K (je v ) 

v=l 

Proof. Choose an element X e K as above. We have 



(X) k = 



and (X) L = {IX)L ~ 1 2 



Therefore we have 

h h 

[l : kx)] = dilute = 2 v^Wdje-y) = vrmj^eL/KijeMdjry) 

v=l v=l 

and on the other hand 

[K : k(X)] = d K (&') = td K {&) = vp(X)d K m. 



Hence, 

h 



[L : l(X)][l(X) : k(X)] [I : k] v 

h 

- ^ e L / K (J(f v )dL/k{J^v), 



which is the formula we want. 

As corollaries, we deduce the inequalities 

h < [L : K], 
d L /M) <[L:K] 
and e L/K (jey) <[L:K]. 
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33 Application of Galois Theory 

We shall now recall some basic facts of Galois theory which we shall 109 
use in the sequel. 

Let A be a field and B a finite algebraic extension of A.B S shall de- 
note the subfields of all separable elements over A of B. The separable 
degree [B : A] s is then define to be the degree of the field B s over A.B is 
a purely inseparable extension over B s and its degree is called the degree 
of inseparability of B over A, and is denoted by [B : A],-. We obtained 
the relation 

[B : A] = [B : B S ].[B S . A] - [B : A] S .[B : A] t 

If B/A is a normal extension, we define the Galois group G(B/A) to 
be the group of all automorphisms of B which leave all the elements of 
A fixed. The set A\ of all elements left fixed by every automorphism 
belonging to G(B/A) is clearly a field containing A. It is called the 
fixed field of G(B/A). A\ is a purely inseparable extension of A and B a 
separable extension of A\, and we have 

[B:A i ] = [B:B] s ,[Ai : A] = [B : A],-. 

We shall now apply these facts to the theory of algebraic functions. 
Let L/l ba a extension of K/k. We define the relative separable degree 
dL/K{^)s and the relative inseparable degree diiK{^)i of a prime di- 110 
visor Jff of L lying over the prime divisor <3/ of K to be respectively 
\Lx '■ Kay] s and \Lx '■ K^]j. Jf is said to be separable, inseparable 
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or purely inseparable accordingly as dL/ K (J^)i is equal to one, greater 
than one or equal to di/ K (J^). 

Suppose now that L 1 //' 3 L/l z> K/t is a tower of algebraic function 
fields. Let J^ 1 be a prime divisor of L 1 lying over a prime divisor 
of L, which again lies over a prime divisor W of K. It is easy to see that 
the following relation between the ramification indices holds 

eu/Ki^ 1 ) = e L .{X\e LIK {X) 
If moreover we assume that [L 1 : K]< oo, we have 

dL} lK {J(r l ) = d L i lL {je l )d LlK {je\ 

and similar relations for the separable and inseparable degrees. 

Now, suppose LI i and L 1 //! are two extensions of K/k and cr is an 
isomorphism of L onto L 1 which maps / on Z 1 and fixes every element 
of K. If J(f is any prime divisor of L, we define the prime divisor crjf 
in L 1 by the equation 

V(tjc(Y) - vjr(o~~ l Y) for Y e L l . 

Clearly, — > cr^f is a one-one and onto mapping of the set of 
prime divisors of L onto the prime divisors of L 1 . It is also immediate 
111 that the isomorphism cr maps the valuation ring and the maximal ideal 
of Jfr onto those of crjf . Hence we have an induced isomorphism cr : 
Lx — » I^a-x °^ tne res idue class fields. If lies over a prime divisor 
<3f of A', crj^ also lies over ^ and <x fixes every element of Kg/. 

From these facts, it follows that 

e L i /K (orJT) - e L/K (Jtr) 

and if [L : K] < oo 

d L \ lK (crX) - d L/K (J^). 
We have the following theorem for finite normal extensions. 

Theorem. Let L\ be a finite normal extension of K/k, and .jif a prime 
divisor ofL lying over a prime divisor <3f ofK. Then every prime divisor 
ofL lying over <3f is of the form cr,X ', where cr is an element ofG(L/K) 
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Proof. We have already seen that o~J^ lies over for every 
o~ e G(L/K). To prove the converse statement, let = ,J€\, . . . , Jif% 
be all the prime divisors of L lying over . Find aY e L such that 

Vjf r(Y) > 

Vjei (X) = 0forj = 2,...h. 

□ 

Then , 

v J f(N L/K Y) = [L:K] i J] v k(°~Y) = [L : K] t £ v, T -^(Y) > 0, 

<T£G(L/K) ireC(L/K) 

since each cr~ l J^ for <x e G(L/K) is a certain Jfi. Because lies over 112 
<& , we deduce that 

v&{N L i K Y) > 0, 
and consequently for j = 2,..., h, we have 

vjtj(N L/K Y) = [L : K]i J] v^(y) > 0. 

cr€G(L/K) 

Since at least one term of the sum on the right must be positive, 
and since the only prime divisor lying over <3f whose valuation on Y is 
positive is Jf, there exists an automorphism o~j such that = crT 1 Jtj, 
J£j - o-jJ^ for every j. Our theorem is proved. 

For the rest of the lecture, we shall assume that L/l is a finite normal 
extension of K/k and G(L/K) the Galois group. 

If is a prime divisor of L, we define the decomposition group 
(Zerlegungs gruppe) Z{J(f) of to be the subgroup of G(L/K) of all 
elements <x e G(L/K) such that o\vT = J^. It follows that if o-,cr l e 
G(L/K), crJ^ - cr 1 if and only if cr and cr l belong to the same left 
coset of G(L/K) modulo Z(J?T). Because of the above theorem, we are 
able to deduce that the number of prime divisors of L lying over a fixed 
prime divisor of K is equal to the index in G(L/K) of the decomposition 
group of any one of them. 
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It is also easy to obtain the relation between the decomposition 
groups of two prime divisors and crX lying over the same prime 
divisor of K. In fact, we have 

t e Z(o-JT) o ro-Jf - aX o o- y TcrJ(r = JfT <=> cr'W e Z(JT) 

and therefore Z(<xJ£T) = o-Z(JT)(T _1 

Theorem . Let Jf be a prime divisor of L lying over the prime divisor 
ofK. Then Ljf/Ky is a normal extension. Every element cr ofZ(Jtf) 
induces an automorphism & of Lx over Koy, and every automorphism 
of Lx over Ky is got in this way. 

Proof. Let - J£?[, J^, . . ., Jtf, be all the prime divisors of L lying 
over <3f . If y e Lx, we can find a representative of y in the valuation 
ring &x °f ^ sucn that 



In fact, if _y is any representative of y, choose ay e L such that 

vxiy-y 1 ) > 

vxj(y) > Oforj = 2,...,h. 

y satisfies the required condition. 

The field polynomial of y over K is given by 

( \ [L:K] t 



Now, if cr g Z(J£T),<x 'X # X and therefore vx(o~y) = v^-i x 
(y) > 0. Passing to the quotient modulo X in the above equation, we 



vxjiy) > Ofor j = 2,...,h. 



□ 




get 
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114 where M is a non-negative integer. But this is a polynomial over K<y 
which is satisfied by y, and which has all its roots lying in Lx- Lx is 
thus a normal extension of Kay. 

Now if cr e Z{^Xf), crJ(f - Jfand by what we have already seen, cr 
induces a Kay isomorphism cr of Lx onto Lx, i.e. an automorphism of 
Lx- To prove the final part of the theorem, notice that Lx is a separable 
extension of the fixed field (Kg?) of the Galois group G(Lx/Kay), and 
is therefore simple. Hence any automorphism of LxIKay is uniquely 
determined by its effect on a single element y. But the working above 
proves that every conjugate of y io of the form ay = &(y) for some 
cr e G(L/K). Hence every automorphism of Lx over Kay is of the form 
& with cr € G(L/K). Our theorem is proved. 

We define the inertia group T(J^) of a prime divisor of L to 
be the subgroup of all elements cr of Z(J?T) for which cr is the identity 
automorphism of Lx- It is clearly a normal subgroup of Z(Jtf). The 
theorem proved above then establishes an isomorphism G(Ljf/Kay) 
Z(JQ 

We now given some consequences of the theorems of this lecture. 

1. [G : («)] = [L : K] s = h\Z{X) : (e)]. 

2. [Z(JO : 7\JO] = [Ljf : *«rL - ^l/^), 

ft 

3. [L;K] = e L i K (Jr v )d L i K (J(r v ) = he L i K {,j(f)d L i K (J{r) 

v=l 

e L/K (^r)d L/K (Jt) = J^-^L[Z(JT) : («)] 
Li. : K\ s 

= [L : AHi[Z(jr) : («)] 

Hence, 115 

eL/K(J^)d L /K(Jf) 



4. [Z(JT) : («)] = 
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It follows from (5) that if L is separable over K, T(Jtf) + 1 if and 
only if at least one of eL/K (<%') or dt/K(^)i is greater than one. 
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34 Divisors in an Extension 

Let L/lbe an arbitrary extension of K/k. We wish to imbed the group 116 
of divisors of K in the group of divisors of L in such a way that the 
principal divisor (X)k in K of an element X of K goes into the principal 
divisor of the element X in L. This condition may also be rewritten in 
the form 

m m hj 

!=1 !=1 7=1 

where = 1 , . . . , m) are the prime divisors of K occurring in X and 
J(fij{j - 1 , . . . , hi) are all the prime divisors of L lying over . This 
motivates the following 

Definition. If ^ = Yl is any divisor of K, we shall identity it 

(=1 

with the divisor fi ft J^ e . L ' K ^ )v ^ m in L. 
i=i j=i 13 

It is easy to see that this accomplishes an isomorphic imbedding of 
the group vk of divisors of K in the group vl of divisors of L which takes 
the principal divisor {X)k to the principal divisor (X)l. Hence we also 
get a homomorphism of the class group of K the class group J££ of 
L. From now on, we shall use the same for a divisor or class of K or its 
image as a divisor or class of L. 

We have the following theorem comparing the degree in A" of a di- 117 
visor of K and its degree in L 
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Theorem. There exists a positive rational number Al/k depending only 
on L and K such that for any divisor % of K, 

d L m = d K (W)/A L/K . 

Proof. Obviously it suffices to prove that for any two prime divisors <3f 
and % of K, we have 

d L m = d L (W 

d K m d K m 

□ 

Assume on the contrary that we have 

ie " d L m < d K m 

Then there is a positive rational m/n such that 

d L (&) m d K {<3f) 
d L (W) < n < d K {W) 

It follows that for sufficiently large integral t, we have 

d K {<3f nt W- mt ) = t(nd k m - md K {W)) >2g K -\ 
and d L {<3f nt fy- mt ) = t(nd L (&) - md L {<&)) < 

It follows from the first inequality and the Riemann-Roch theo- 
rem that there exists an element X + in K divisible by the divisor 

ty mt <3f~ nt . Hence, 

(X) K = <%W mt &- nt ,ty integral 
and d L ((X)) = d L {<&) - t(nd L (&) - md L {^)) > 

by the second inequality. But this is impossible and our theorem is 
proved. 
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[/ : k] 

If [L : K] < oo, the value of Al/k is — ■ For, if be any prime 
divisor of K and J%(i = 1, . ..,h) be the prime divisors of L lying over 
& , we have 



(=1 

Now let L /I be an extension of K/k of finite degree and L\ the small- 
est normal extension of K containing L. Let l\ be the algebraic closure 
of / in L\. Clearly L\jl\ is an algebraic function field with constant field 
l\. Let G = G(L\/K) be the Galois group of L\ over K and H be the 
subgroup of all automorphisms of L\ fixing every element of L. Let 
G/H be the set of left cosets of G modulo H. If Y is an element of L, it 
is well-known that the norm of Y over K is given by 



n [L:K]i 



o-eG/H 



the product being over any set of representatives of the cosets in G/H. 
This suggests the following definition for the norm of a divisor of L. (As 
already explained, we shall use the same symbol for a divisor of L and 
its canonical image as a divisor of L\). If % is a divisor of L, we put 

l \ [L:K] t 

Norm L// ,^ - Nm L i K ^ - j I <r^ 1 

(o-€G/H J 

The definition is independent of the choice of the representative cr 
of a - , since cr^ = if cr G H. (More generally, if Li//, and L2// 2 are 
two extension of an algebraic function field and cr an isomorphism of L\ 
onto L2 mapping Zi onto h and fixing every element of K, cr maps every 
divisor ^ of ^ considered as a divisor of L\ onto ^ considered as a 
divisor of Li). 

We list below the essential properties of the norm 
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1. The norm of a divisor of L is a divisor of K. Hence the norm 
mapping is a homomorphism of &l into &k 

2. If is a prime divisor of L lying over the prime divisor W of K, 
we have 



3. IfyeL, 

Nm L / K (y)L = (Nm L/K y) K 

4. If 6 K , 

Nm LIK fy = W [L:K] 

5. If L\ D L D K is a tower of extensions of algebraic function fields, 
and W ev Ll , 

Nm Ll/K ^ = Nm L / K (Nm Ll/L ^) 



Proof. (3) and (4) are immediate consequences of the definition of the 
norm. It is also clear that the norm defines a homomorphism of 
into itself. We have only to prove that the image is contained in to 
complete the demonstration of (1). But this will follow if we can prove 
(2). □ 

Again, it is enough to prove (5) for prime divisors Jt\ of L\ because 
of (1). But using (2), (5) reduces to the already proved equality 

for a prime divisor J(f\oiL\ which lies over Jff of L. 

It only remains to prove (2). Let again G be the Galois group of the 
smallest normal extension L\ of K containing L. 
121 Then L\ is also normal over L and its Galois group over L is the 

subgroup H of G of all automorphisms which fix every element of L. 
Let J^i be any prime divisor of L\ lying over the prime divisor J(f of L. 
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We shall denote by Zk and Zi the decomposition group of J#i over K 
and L respectively. The, since L\ is normal over L, we have 

l e LxlL (X\) 



\o-eH/Z L 



and therefore 













n «A 




feG/H 


[&eHIZ L J 



e Ll / L (je)[L:K]i 



ft r\Y\<r* 

reG/H Vcreff 



=(n '■*} 

[feG/Z K J 



e Ll i L (jei)[L:K\i 
eL 1 / L (Je r i)[L:K] i [Z K :(e)] 



reG 



e Ll , L (jei)[L:K]i 



since 



e Ll i L {^)[L : KUZ K : (e)] e L/L {^i) VU : K] t [Z K : (e)] 



= [Zl : (g)] 



[L u :L\i' e Ll/K (Xi) 
d Ll / K (X) = [Zl : (e)]d L/K (X) 
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Since the group of divisors is free, it is also torsion free and our 
formula follows. 

Finally, for any divisor 9/ of L, we have 

d K (N L / K W) = [I : k]d L m- 

It is enough to prove this for a prime divisor J(f '. But by the above 
result, we have 

d K (N L/K jf) = d K {w d VKW) = d LIK {X)d K m = ddjnu ■ k] 

which is the result we want. 
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35 Ramification 

We wish to prove two theorems on ramification. The first one is easy. 

Theorem. If L/l is an algebraic extension of K/k such that L is purely 
inseparable over K, there is exactly one prime divisor J(f ofL lying over 
a given prime divisor & ofK and W = <3/ pt where p is the characteristic 
of K and t a non-negative integer. 

123 Proof. Let Y be any element of L. Since L is purely inseparable over K, 
there exists an integer n such that To = Y p " e K. Then, if be any 
prime divisor lying over *3( , we have 

p'\r(Y) = vjr(Y ) = e L/K (Jf)v&(Y ) 

and therefore the value of vjf(T) is uniquely determined by v<&(Yq). 
Hence J(f is unique. □ 

If we choose Y such that vx (T) = 1, we deduce that cl/j^C^D di- 
vides p", and our theorem is proved. 

We say that a prime divisor ,J€ of an extension L of an algebraic 
function field K is ramified if eL/K(^) > 1- We have the following 

Theorem. IfL is separably algebraic over K, there are at most a finite 
number of prime divisors of L which are either ramified or inseparable 
over K. 

Proof. We give the proof in three steps. We first prove the theorem for 
finite normal extension, then for finite separable extension, and finally 
in the general case. □ 

First assume that L is finite and normal over K. A prime divi- 
sor J(f of L is either ramified or inseparable only if [T(Jf) : (e)] - 

eL/K(J^)d L /K(Jf)i > 1. 

This implies that there is an automorphism <x of L in the group 
T(JfT) which is not the identity automorphism. Since L is finite and 
separable over K it is a simple extension K(Z) of K. Hence <xZ + Z. 

124 Al least one of the elements Z, — lies in 0^, and since cr e T(Jt) 
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we deduce that one of the two inequalities 

Vjr (Z - orZ) > or v ^ (| ~ 4?) > 

should hold. Since there are only finitely many automorphisms <r of L 
over K and only finitely many prime divisors for which one of the 
two inequalities above can be valid, the theorem is proved in this case. 

If L/K were finite and separable but not normal, let L\ be the small- 
est normal extension of K containing L. If a prime divisor Jf of L is 
ramified or inseparable over K, the same property should also hold for 
any prime divisor of L\ lying over ,J€ . Hence the theorem in this case 
follows from the first part. 

Finally, suppose L/K is any separably algebraic extension It I is the 
constant field of L, L is evidently a finite separable extension of the com- 
posite extension Kl. Also, a prime divisor of L in ramified (inseparable) 
over K if and only if it is either ramified (inseparable ) over Kl or the 
prime divisor of Kl over which it lies is ramified (inseparable) over K. 
Our theorem follows from what we have proved above and the following 
lemma. 

Lemma. IfL/l is an algebraic function field which is separably alge- 
braic over K/k and the that L = Kl, there are no prime divisors of L 
ramified or separable over K. 

Proof. If ,J€ is a prime divisor of L which is ramified (inseparable) over 
K, find an element Y e Kl such that V^(Y) = 1(P € Lx is inseparable 125 
over Kay). Since 7 is a rational combination of a finite number of ele- 
ments of K and I, Y lies in a finite extension K(a\, . . . a n ) of K, where 
at are elements of /. We may also assume that L\ = K(a\,. . . a n ) is a 
normal separable extension of K; for it is already separable, and we have 
only to adjoin to it the conjugates of the a, (which are finite in number) 
to make it normal. Also by our choice of Y, we see that the prime divisor 
,J€\ of L\ over which J(f lies is ramified (inseparable) over K. □ 

Let 7\J#i) be the inertia group of J^i in L\ over K. Then, we should 
have 

[r(JQ : (e)] = eL^VfftdL^iJffti > 1, 
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and there exists an element cr € T(J(f{) which is not the identity. But 
since cr e T(J(f\), 

vjfi(«v - cra v ) > (v = 1, 2, . . .n) 
and the a v being constants, we should have 

a v = cra v 

Hence cr is the identity automorphism when restricted to K and fixes 
each one of elements a\,...,a n . Hence cr should be the identity auto- 
morphism of L\ = K(a\, . . . a n ). This is a contradiction and our theorem 
is proved. 
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36 Constant Field Extensions 

An extension L/l of an algebraic function field K/k is said to be a con- 126 
stant field extension If L is the composite extension Kl of K and Z. 

The following question arises. Given an algebraic function field K/k 
and an extension / of k, is it possible to find a constant field extension 
L'/V of K/k such that Z is ^-isomorphic to V ? This is not possible in 
general, since the constant field of L' - KV will in general be larger than 
the isomorphic image V of I. More precisely, we have the following 

Theorem. Let K/k be an algebraic function field and l' Q an extension of 
k. Then there exists an algebraic function field L/l which is an extension 
of K/k with the following properties: 

(1) there exists a subfield Iq of I containing k and a k-isomorphism A : 
k -» V Q 

(2) L = Kl . 

If L* jT is another extension of K/k with a subfield I* of I* and a k- 
isomorphism A* : Z* — > l' Q having the properties (1) and (2), there exists a 
^-isomorphism p : L* — > L such that the restriction of p to l* coincides 
with the map A^A* of l* Q onto Iq. 

I is a purely inseparable finite extension of Iq. 127 

Proof. Construction of a composite field L - KIq. □ 
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Let {u'j} be a transcendence basis of T Q over k. Take a {m,} of inde- 
pendent transcendental elements m, over K in one-one correspondence 
Ui «-» with the set {w^} and let Q. be the algebraic closure of K{{ui\). 
Then we have an isomorphism A of kiufi onto trivial on k, defined 
by Au\ = Ui.A can be extended to an isomorphism A of l' Q onto subfield l' Q 
of Q, and Q contains the composite field KIq = L. Let / be the algebraic 
closure of Iq in L. 

If X is a transcendental element of K over fc, X is also transcendental 
over Iq. For if it were not, there exists a finite subset (u\, . . . u n ) of the w, 
such that X is algebraic over k(u\, . . . u n ). Hence there exists a relation 
of the form 

f (m, . . . u n )X r + + f r (ui, . . . u n ) = 0,fi£ k[u { , . . . u„], 

with at least one non-constant polynomial fr. But this would imply that 
the set (mi,... u n ) is algebraically related over K, a contradiction. 
Also, since L - KIq, and Iq d k, 

[L : l (X)] < [K : k(X)] < ™, 

and therefore L/l is an algebraic function field with constant field I d Iq. 
The conditions (1) and (2) are evidently fulfilled. Moreover, since, X is 
transcendental over I, we have 

[/ : Zo] - U(X) : l (X)] < [L : l (X)] < oo 

Only the second part of the theorem asserting uniqueness upto iso- 
morphism and the last part asserting that / is purely in-separable over Iq 
remain to be proved. 

Suppose L* jl* is another extension of K/k satisfying the conditions 
of the theorem. We have to set up an isomorphism p : L* — > L such 
that p fixes the elements of K and p restricted to Z* is the isomorphism 
A\ - A^ l A* of Iq onto Iq. Since any element of L* = Kl* can be written 
in the form 

y kT 

j± 1 ' h h' c Y i* V* c /* 
£ yjy* K f K j fc A ' l i ' l j fc '0' 
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we should necessarily have 

We make this the definition of p. In order to prove that it is well 
defined, we have to verify that if has the representation ^A:,/*, then 
Yj kiA\(l*) = 0. To prove that the map is an isomorphism (and also 
to prove that the denominator of the right side does not vanish when 
£ k'-f* + 0) we have to prove that £ = => Z = 0. 

Thus, we have set up the required isomorphism provided we can 129 
prove that 

J^ktl* = 0o £ kiM (ZT) = 0. 

But since these expressions involve only a finite number of elements 
of lo and /*, we may assume that lo (and consequently /*) is finitely 
generated over k. 

A simple argument shows that to prove the pure inseparability of I 
over Iq we may also assume that lo is finitely generated over k. 

First assume that lo is a purely transcendental extension k(u\, . . . u n ) 
of k. Then I* - k(u*, . . . u* n ), where u* - X[ l {ui). Then u\,...u n are 
algebraically independent over K, and so are u\, . . .,u* n . Hence there 
exists an isomorphism p : L* = K(u* v ...,«*) — > K{u\, ...u n )-L. In 
this case, the constant field / coincides with lo = k(u\, . . . , u n ). This 
follows from the following more general 

Lemma .If A is a field which is algebraically closed in another field 
B, and ifX\,...,X n is a set of algebraically independent elements over 
B, A(X\ ,.. . X n ) is algebraically closed in B{X\ , X n ). 

Proof. We may clearly assume that n - 1 , X\ - X. □ 
f(X) 

Let a - ao be any element of B(X), where ao + is an element 

g(X) 

of B and f(X) and g(X) are coprime polynomials over B with leading 130 
coefficients 1. If or is algebraic over A(X), we have 



<Pr(X)a r + + <p (X) = 0, <fi(X) € A[X], 
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(p ,...,(f r coprime 
i.e., <p r (X)a r f(X) + + <p (X)g r (X) = 0. 

Let £ be any root of f(X). Substituting X - g in the above equation 
(which we may do since X is transcendental over B) we obtain 

<Po(&g r (& = 
and since g(£) ^ 0, / and g being coprime, 

<f>o(& = 

and so ^ is algebraic over A. Since every root of / is algebraic over A 
and f(X) has leading coefficient 1, the coefficients of / are algebraic 
over A and hence lie in A. Similarly, g is also a polynomial over A. 
Substituting for X a root 8 of f(X) - g(X), we get, since f{5) = g(5) + 
0, (f r (6)a r Q + • • • + <po(6) = 0, hence ao is algebraic over A and therefore 
in A, since not all <fi(6) - 0((fio, ■■■<f r being coprime). Our lemma is 
proved. 

We are therefore left with the case when 1$ is a finite algebraic ex- 
tension of k. Then we have Iq - k(ai, a m ). We use induction on m. 
The result is trivial when m = 0. 

Suppose the result holds for m - 1 in the place of m. Put k\ - 
k(a\, . . . , or m _i) and ^ = Kk\ = K{a\, . . . , a m -\). Let a* — A^ [ (ai), 
k* = k*{a* ■■■a* , ) and K* = Kk* = K(a*. ..a* A Let h and I* be 

1 v 1 m-\' 1 1 v 1' m—\' 1 1 

the algebraic closures of k\ and k\ in ^ and K* respectively. By our 
induction hypothesis, we have 

(1) an isomorphism p\ : K* — > K\ such that p\ when restricted to k\ 
coincides with the restriction of A\ to k* v and 

(2) Zi and /j are purely inseparable extensions of k\ and k* respectively. 

Put a m - a and a* n - (a m ) = a*. Then, L - K\(a) and L* = 
K*(a*). We would be through if we can extend the isomorphism p\ to 
an isomorphism p : L* — > L such that p(or*) - /li(a*) and if we prove 
that the constant field I of L is purely inseparable over Iq. 
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To prove that we can extend the isomorphism p\ to p, it is necessary 
and sufficient to show that if F*(X) is the irreducible polynomial of a* 
over K*,p\F*(X) is the irreducible polynomial of a over K\. 

Assume that F*(X) has leading coefficient 1. Since one of its roots is 
algebraic over k*, all its roots are algebraic over k* and F*(X) is therefore 
a polynomial with coefficients in the algebraic closure, l* x of k* x in Ky 
Also, since I* is purely inseparable over k*, the irreducible polynomial of 132 
a* over k\ is a certain power of F*(X) of the form (F*(X)) P ' , t > 0. Since 
A\ is an isomorphism of Z* - k\{a*) onto l = k\(a) with Ai(a*) - a, 
we deduce that A X {F*{X)) P ' = p\{F*{X)) p ' is the irreducible polynomial 
of a over k\ . 

Again, since p\ maps k* onto k\, it maps the algebraic closure l\ of 
k* x in K* onto the algebraic closure l\ of k\ in K\. This proves that the 
irreducible equation of a over (or what is the same, l\ ) with leading 
coefficient 1 is equal to p\F*{X) since p\F*{X) is obviously the only 
irreducible factor of p\{F*{X)) p over l\. 

Hence p\ can be extended to an isomorphism p having the requisite 
properties. 

To prove that / is purely inseparable over Iq, notice that since l\ is 
purely inseparable over k\,l\{a) is purely in-separable over &i(a) = Jo- 
lt is therefore sufficient to prove that / is purely inseparable over h(a). 

Now since l\ is algebraically closed in ^ , the irreducible polyno- 
mial of a over with leading coefficient / coincides with its irreducible 
polynomial over l\ . Therefore we have 



[Ki(a) : h(X)) = [Ki(a) : : h(X)] 

= [K l {a):h{a,X)][l l {a,X):h{X)]. 



and similarly 



[Ki(a) :Ki] = [h(a) : h] 
[h(a,X) : h(X)] = [h(a) : h]. 



From these two equalities and the following one 



133 



we deduce that 



[K 1 :h(X)] = [Ki(a):h(a,X)l 
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Now, let p be a constant of K[(a). Then there exists an integer t > 1 
such that p p is separably algebraic over l\(a). By a well-known theo- 
rem, the extension l\{a,fi p ) is a simple extension l\{y) of l\. We have 

[K x {a) : h(ay,X)] = [K x {y) : h(y,X)] = [K t : h(X)] 

by an argument which is familiar to us, and using our previous equality, 
we get 

[K! (a):h (a, ,X)] = [K t (a) : h (a, X)] 

and hence h(a,p p> ' ,X) = h(a,X) and f3 p ' e h(a,X). Since /3 P ' is alge- 
braic over l\{a) which is algebraically closed in li(a,X),fi p e l\(a) and 
P is purely inseparable over l\{a). 

Our theorem is completely proved. We shall give an example where 
I + Iq. Let ko be a field of characteristic p > and u and v two alge- 
braically independent elements over ko. Let k = ko(u, v) and X a variable 
over k. Put K - k(X, Y) where Y satisfies the equation Y p = uX p + v. 
We shall show that the constant field is k. If it were not, let k l be the 
constant field. Since K = k(X, Y) is of degree I or p over k(X) and since 
[k\X) : k(X)] - [k 1 : k] > 1, we deduce that K = k\X). Hence 
Y = u l/p X + v l/p e k l (X). But since X is transcendental over k, (and 
hence also over k(u l/p , v l/p ), we deduce that u l/p and v l/p are both in 
k l . Hence 

[k l : k] > [k(u 1/p ,v 1/p ) : it] = [k(u 1/p ,v llp ) : : k] = p 2 , 

while on the other hand 

[k 1 : k] = [k\X) : k(X)] < [K : k(X)] < 

which is a contradiction. 

Now, take Iq - k(v l/p ). Then KIq clearly contains the element 

v - V l /P 

— = u llp and hence I = k(u 1/p , v llp ), I * l a and [/ : l ] = p. 
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37 Constant Field Extensions 

We require some preliminary lemmas. 135 

Lemma 1. Let A,B and C be subfields of a given field, B D A and C 
algebraic of finite degree n over A. Then the composite extension BC is 
algebraic over B of degree at most n. Moreover ify\, ...y n is a basis of 
C over A,BC is spanned by the same set of elements yi,...y n over B. 
The degree ofBC over B is equal to n if and only ifB and C are linearly 
disjoint over A. 

Proof. Since yi,...y„ span C over A, we have in particular C = A(y\, 
. . ., y n ) and since B D A, BC - B(y\, . . .y n ). Hence any element of BC 
can be written as a polynomial my\,...y n with coefficients in B (since 
yi, . . . y n are algebraic over A), and since any monomial in yi , . . . , y n can 
be written as a linear combination ofy\,...,y n with coefficients in A, we 

deduce that BC is the vector space spanned by y\, y n over B. Hence 

[BC : B]<n. □ 

If [BC : B] = n,yi,...y n should also be linearly independent over 
B, and since (yi,. . .y n ) is an arbitrary set of n elements of C linearly 
independent over A, B and C are linearly disjoint over A. The converse 
is also evident. 

Lemma 2. (a) Let B be any purely transcendental extension of A and 

C any field containing A and algebraically disjoint with B over A. 136 
Then C and B are linearly disjoint over A. 
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(b) Let A be algebraically closed in B and C = A(a) a simple algebraic 
extension of A. Then B and C are linearly disjoint over A. 

Proof, (a) Let B = A{u\)\eA where u\ is a set of algebraically indepen- 
dent elements over A. If B and C are not linearly disjoint, there is a 
set of elements c\,...c n e C which are linearly independent over A 
and polynomials f{u\,. . . u m ), Uj, e {u^^a not all of which vanish 
identically such that 

cifi(ui, ■■■u m ) + --- + c n f n {u\,...u m ) = 0,f e A[ui,...,u m ] 

Since u\, . . . u m are algebraically independent over A, they are alge- 
braically independent over C also. We may therefore equate to zero 
separately the coefficients of each of the monomial expressions in 
u\,...u m occurring in the left hand side of the above equation. At 
least one of these provides a non-trivial linear combination of the c, 
with coefficients in A which vanishes. This is a contradiction. 

(b) Since A is algebraically closed in B, the irreducible monic polyno- 
mial of a over B is actually a polynomial over A, as we have proved 
earlier. Hence [B(a) : B] - [A(a) : A], and our result follows from 
Lemma 1. 



Lemma 3. Let A, B, C, D be subfields of a given field such that B D 
A,D D C D A. Then B and D are linearly disjoint over A if and only if 
{i)B and C are linearly disjoint and ( ii) D and the composite extension 
BC are linearly disjoint over C. 

Proof. Suppose first that B and D are linearly disjoint. Then (?) is evi- 
dently fulfilled. To prove (ii), suppose di(i - 1, ... ri) is a set of elements 
of D linearly independent over C. If they are linearly dependent over 
BC, there exists a relation of the form 



□ 




37. Constant Field Extensions 



125 



with bj linearly independent over C and not all c,y being zero. On inter- 
changing the orders of summation, we get 

X b J 2 diC V = °> 
j j 

and we deduce from our hypothesis that 

Cijdi = for all j. 

□ 

But since dj are linearly independent over C, we have Cij = for all 
i and j. This is a contradiction. 

Suppose conversely that (i) and (ii) are fulfilled. Then any set of 
elements of B linearly independent over A are, by (/), linearly indepen- 
dent over C, and (since they are also elements of BC) by (ii), linearly 
independent over D. Our lemma is proved. 

We can now prove the following 

Theorem. Let L = KIq be a constant field extension of K with the field 138 
of constants I D Iq. Then the following conditions are equivalent 

(A) K and I are linearly disjoint over k. 

(B) For every finitely generated subfield l' Q oflo over k, and L 1 - Kl^, 
the constant field of l} coincides with 1^. 

If these are fulfilled, (B) holds for any (not necessarily finitely gen- 
erated) subfield l^ of /<), in particular for Zo itself, i,e., I = Iq. 

Proof. We shall first show that (A) implies (B) for any subfield l\ of Iq. 
Let I 1 be the constant field of L 1 = Kl^. It follows from (A) that Z 1 and 
K are linearly disjoint over k. 

Let X be any transcendental element of K over k. Then by Lemma 
|5J K and 1 1 are linearly disjoint over k if and only if (i) k(X) and l l are 
linearly disjoint over k and (ii) K and l [ k(X) = l l (X) are linearly disjoint 
over k(X). 
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By lemmaEJ since k(X) are 1 1 are algebraically disjoint (i) is always 
satisfied. By lemmaQ] since \ l Q (X) c l l (X) and L 1 = Kl^X), we have 
the inequalities 



L 1 



K< 




k 



[1} :l\X)]<[l} :ll{X)]<[K:k{X)}. 

□ 

Again by lemmaQ since L 1 = Kl l {X), the equality 
[L 1 : l\X)] = [K : k(X)] 

follows from the linear disjointness of K and l l (X) over k(X). 

From these we deduce that if (A) holds, l\X) = l^X), and since X 
is transcendental over I 1 , 1 = l^. 

Conversely suppose (B) holds for every finitely generated subfield 
/q of /o- To prove that 1 and K are linearly disjoint, it is enough to 
prove that any finitely generated subfield of 1 over k is linearly disjoint 
with K over k. But clearly a finitely generated subfield of / is contained 
in the constant field l l = of L 1 = Kl^, where is a suitable finitely 
generated extension of k. It is therefore enough to prove that any finitely 
generated subfield Zi of Zq over k is linearly disjoint with K over k. 
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Let 1^ = k{a\, . . . a m ). Put k[ = k(a\, . . . or/), and Z,- - Kkj. To show 
that Zi and K are linearly disjoint over k, it is enough to show that Zq and 
K are linearly disjoint over k, ki and L\ = KK\ are linearly disjoint over 
k\, etc., and finally Z* = k m and L m -\ = KKk m ^\ are linearly disjoint 
over k m -\ (Lemma 0. But by (B) each ki is algebraically closed in L, 
and since fcj+i is a simple extension of our result follows from Lemma 
2. 



I>=K\\ 




Corollary. If either K or Iq is separably generated over k, then I - Iq. 

Proof. By the above theorem, we may assume that Iq is finitely gener- 
ated over k. Morover, since we have already seen that / = Iq for a purely 140 
transcendental extension Iq of k (see Lecture I2TI. we may assume that Iq 
is finitely algebraic over k. □ 

Suppose now that Iq is separably algebraic over k. Then L = KIq is 
separably algebraic over K. But if a e /, the irreducible monic polyno- 
mial of a over K lies in k and is therefore separable over k. Hence I is 
separable over Iq, and is also purely inseparable I = Iq. 

Suppose next that K is separably generated over k. Let X e K be 
transcendental over k and such that K/k(X) is separable. Then L - 
KIq(X) is separable over lo(X). Hence any element of / is separably 
algebraic over Iq(X), and since Iq is algebraically closed in lo(X), I is 
separable over Iq. The result follows as before. 

Our next theorem runs as follows. 
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Theorem. Let L - IqK be a constant field extension and Al/k the ratio- 
nal number satisfying 

for any divisor <fy ofK. Then Al/k is a power of the characteristic with 
non-negative exponent (Al/k = 1 if the characteristic is zero). It is equal 
to one if and only if K and I are linearly disjoint over k. 

Proof. Let X be a transcendental element of K. Choose % to be the 
numerator of (X). Then, we see that 

d K (!&) = [K : k(X)] and d L (<&) = [L : l(X)] 

Hence, 

Alik = 1 o d L <&) = d K (W) o [L : l(X)] - [K : k(X)]. 

But as we have already seen (see proof of the first theorem of this 
lecture) [L : l(X)] = [K : k(X)] if and only if K and / are linearly disjoint 
over k. □ 

In particular, if the characteristic is zero, K is separably generated 
over k, and by the corollary of the first theorem, the condition (B) of 
our first theorem is satisfied. Hence (A) holds, i.e., K and I are linearly 
disjoint over k. Hence Al/k = 1. 

If the characteristic p > 0, let be the largest separable extension 
of k(X) contained in K, and Lq = KqIo. Then as above, and Iq are 
linearly disjoint over k. Hence we obtain 

[K : k(X)] = [Lq : l Q (X)] 

Also, K/Kq is a purely inseparable extension of degree p s , s > and 
therefore so is L = KIq inseparable of degree p s , where sq < s (lemma 
ffl). Therefore we have 

= [K : k(X)] = [K : k(X)][l(X) : l Q (X)] 
LIK [L : l(X)] [L : Z (X)] 
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Thus, we see that Al/k is a power of p divisible by [I : Iq\. Our 
theorem is proved. 

In particular, we see that if K or Iq is separably generated over k, K 
and / are linearly disjoint over k and therefore Al/k - 1- 

The last theorem of this section relates to the residue class field of a 
prime divisor in a constant filed extension. 

Theorem . Let L = Kl, where I is separably generated over k. If J£T 
is a prime divisor of L lying over the prime divisor & of K, L@ is the 
composite of the two subfields Koy and I. 

Proof. It is clearly sufficient to prove the theorem when (1) / is purely 
transcendental over k and (2) when / is separably algebraic over k. □ 

Case 1. Since Koy is algebraic over K, I and Koy are linearly disjoint 
over k. Let us agree to denote the image in Lx of any element Y in the 
valuation ring &x by Y. Any Y e &x can be written in the form 

n 

Z Hi 

, *,-,*} eKJtj) el, 

;=i 3 1 

and the two sets of elements (k) and (7j) being linearly independent over 

n 

k. Find elements a,b of K such that v^(a) = minv^(A: ; ) and vay(b) = 

i=l 

m 

-minv^(A:j). Then clearly for at least one jv^(kjb) = 0, fcj. + 0. The 

aY 

image L% of the element — is then 

b 



Z(k)b)l) 

Since the k are linearly independent over k, they are also linearly inde- 
pendent Koy and therefore the numerator does not vanish. Similarly the 



130 



22. Lecture 22 



aY 



denominator does not vanish, and therefore the image of —— in Lx is a 

b 
b 

non-zero element of Kay I. Since Y e ux, it follows that - € Uay and 



Since Kay and / are linearly disjoint, the structure of Lx is uniquely 
determined; in fact Lx is purely transcendental over K, and a transcen- 
dence basis of / over k is also a transcendence basis of Lx over Kay. 
Since the map Y — > Y is also uniquely fixed, we see that there is exactly 
one prime divisor Jtf of L lying over the prime divisor <¥ of K. 

Case 2. In this case we may not only assume that I is separably alge- 
braic over k, but also that it is finite. In fact, any element a of Lx is 
clearly the image by the place of of an element of Kl [ , where l l is 
a finite extension ofk. If we have proved the theorem for finite separa- 
ble extensions, it would follow that a e l l Kay c IKay and we would be 
through. 

Suppose I is separably algebraic and of finite degree over k. Then it 
is simple and we have I = k(a), where a is separably algebraic over k of 
144 degree n, say. Let = Jti,J^, . . . , ,J€ n be all the prime divisors of L 
lying over W . Let L 1 be the smallest normal extension of K containing 
L, and J^ 1 a prime divisor of L 1 lying over Jf\ Let cr,-(i = 1, . . . , m) be 
all the automorphisms of L 1 over K. Then since ctj-JT 1 again lies over 
the prime divisor of K, its restriction to L is one of the Jtj. 



a 




Let Z £ Lx- Find an element C e L such that 



and 



vx(C - Z) > 0, 
vxj(C)>0,(j = 2,...h) 



By the first condition , C = Z € Lx- 

Since C e K(a), it can be written uniquely in the form 

C - a + a\a + + a„_ia" _1 ,a ; - e K 



(the degree of a over K being the same as over k, according to a previous 
statement). 
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Taking conjugates in the above equation over K, we obtain a set of 
n equations 

C (l) - a$ + a\a^ + + a„_iar W " 

Since a is separable of degree n over K, the determinant \a®i\(i = 
\,...,n\j = o,...,n- 1) has a non-zero value, and we may solve the 
above equations for to obtain 

law ... a m k - 2 Cl 

la w 



a k = 



a (nf- 2 C n 



a 



(l)" 



a 



(«)" 



lad) 
la (,l) 



(2 



a 



Of 

(nf 



The denominator is a constant of the filed L 1 . The numerator is a 
linear combination of the C (l) with constant coefficients. But we have 

v^C®) = v^iC) = e LllL (o-- l J(r l )v^j(C) > 

where cr v is an automorphism of L l /K taking C to C w and Jdj is the 
prime divisor of L lying below a n uT x .J€ x . 
We may therefore conclude that 

v x \(a k ) > 0,v,%r(ak) > 

This means that the a k are in Ox and therefore 

Z = C = a„ + d"ia + + a n -\a n ~ l € IKoy . 

Our theorem is proved. 

From the proof of the theorem when 1$ is purely transcendental, the 
following fact emerges. If J(f is a prime divisor of L - KIq, Iq being 
purely transcendental, and lies over a prime divisor W of K, we 
have 

^ litti = minCv^Ca,)) 



if /, € lo and a, e A'. This follows in fact from the equation 



Y^hai = ^Im, if cii e 
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i=l 



i=l 



Lecture 23 



38 Genus of a Constant Field Extension 

The notations will be the same as in the previous lecture; in addition, 147 
we shall denote by g R the genus of a function field R and by F R {^) 
the vector space over the constant field of R of elements divisible by the 
divisor % . The dimension of F R (fi/) will be denoted by N R (W).A R (<&) 
shall denote the vector space of repartitions of R divisible by the divisor 
<%. 

Theorem 1. I/Al/k - 1» i-e-, ifK and I are linearly disjoint over k, gL < 
gx- For any divisor % of K, a base of Fk(%) is a part of a base of 
F L (W), and hence N K (ty) < N L (W). 

Proof. The last part immediately follows from the fact that Fg(^) c 
Fl(&), if we observe that K and I are linearly disjoint over k and that 
/ = /(). Taking a divisor of K such that 

-d K (&) > 2g K - 2, -d L (W) > 2g L ~ 2, we have 
NkW) = d K (&) - g K + h 

N L m = d L m-g L + h 

and it follows from the previous inequality that gi < gx- □ 

Theorem 2. If Iq is separably generated over k, gK = gL and a basis of 
Fr{^) is also a base of F iff}/) for any divisor ofK; hence Nl(&) = 

N K m. 
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Proof. We first consider the case 1$ = k(u), u transcendental over k. Let 
Z e Fl(^). Then Z can be written uniquely in the from 



n 



£ a v u v 

7 F(m) v =" u 
G(u) m-l 

u m + bftuf 

with F and G coprime. We shall show that b M e K. □ 

Let be a prime divisor of L lying over a prime divisor & of K. 
Then by the remark at the end of the previous lecture, 

vjr(G(w)) = vjr(M ffl + ^-im™" 1 +--- + b m ) = min(0, v^(fei), . . . , v^(fo m )) < 

Hence the only possible prime divisors which occur in the numerator 
3G(L0 of G(u) are those which over K. But now, since Z e Fl(^), the 
divisor 

is integral, and since 3g and jVg are coprime, any prime divisor occur- 
ring in 3g must divide $p. But since F and G are coprime, there exist 
polynomials F\(u) and G\{u) with 

F{u)Fi{u) + G{u)Gi{u) = 1. 

If Fi(m) = c + ciw + • • • + c t u' and a prime divisor of L variable over 
^T, we would have 

vw(Fi(u)) > min(v^(c v ) + yv^(w)) = 

V 

since v^{u) = v^(VV(c v )) - 0. Similarly v<%{G\{u)) > 0. Hence we 
have 

= v(l) > min(v*(F(M)) + v*(Fi(h)), v*(G(h)) + v*(G(w)) 
> min(v^((F(w))),v^(g(«))), 

and therefore 3g(m) and 3f(«) can not have a common prime divisor. 
Therefore 3g(w) = ^ and G(m) is constant. 
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It follows that for any prime prime divisor <3f of K, 

vqy(Z) = v<g/(F{u)) - minv^(a v ) > v&C%f) 

V 

and therefore a v e Fk{^)- 

Thus, we see that Fl(^) is the vector space generated over / = Iq by 
Fk{^)- from the liner disjointness of K and I, we deduce that Nk{%) - 

Next suppose I - Iq - k(a) is finite separable (and therefore simple) 
over k. Any element Z e Fl(^) can be written uniquely in the form 

Z - cq + c\a + a + c ra _io" _ ,c; £ ^ 

where n is the degree of a over /c or ^T. 

Let L\ be the smallest normal extension of L over K. Taking conju- 
gates in the above equation over K, we obtain 



Z (0 = c + c x a {i) + ■■■+ c n - X a (i)n 
We may solve for c\ of obtain 



(i =!,...«) 



lad) 



a (D*- 2 Z (i) 

a (n)*- 2 Z « 



(if 

(n) k 



a 



a 



(i)" 
(«)" 



a* - 



la (n) 



a 



a 



(if 
(«)" 



The denominator is a constant ^ and the numerator is a linear 
combination of Z (,) with constant coefficients. Since ^ is a divisor of 
K, it may be easily verified that every conjugate Z (i) of Z is divisible by 
% in L\. Hence the ct are divisible by ffl in L\ and hence in K. We 
have proved in this case also that FlCW) is generated by Fk{%) over i. 
The equality NlC&) - Nk{^) again follows from the liner disjointness 
of K and / = l over k. 

The case of any separably generated extension Iq now follows along 
familiar lines. Any Z € F^(^) is contained in a field L 1 = Kl l , where 
Z 1 is a finitely separably generated extension of k; hence it is an element 
of F L i(ty). But in the case of a finitely separably generated extension, 
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the theorem follows by induction if we use the first two cases. Hence 
we again obtain the fact that F^ty) is generated by Fg(&) over /, and 
the equality N L {W) = N K (W). 

Choosing a divisor with -d k (W) > 2g K - 2, -d L (W) >2g L -2 

we have - d K (^) = N K (^) - g K + I, 

151 

and -d L (&) = N L (<&)-g L +l. 

But since Al/k - 1> it follows that dxi^) = di{^/) and therefore 
Sl - 8k- The theorem is completely proved. 

Theorem 3. For any constant field extension L ofK, we have gL^-L/K ^ 
g K . (In particular g L < g K ). 

Proof. Since the genus is preserved for for a purely transcendental ex- 
tension of the constant field, and since Al/k = lfor such an extension, it 
follows from the obvious formula A L / L iA L i i K = Al/kL d L 1 d K that it 
is enough to prove the theorem for algebraic extension Iq of k. u 

First assume that lo is a finite extension of k with a basis a\, . . . , a n 
over k. By lemmafflof the previous lecture, L/K is a finite extension of 
degree n < n, and we may assume that a\, . . . , a nQ form a basis of L 
over K. 

Let us denote by 3£k and 3£l the vector spaces of repartitions of K 

and L over k and / respectively. We define a map cr of the direct product 

n 

Jl 3Ck °f 2£k by itself n times into the space S£l by defining the image 

v=l 

n 

of {^o\, . . . , ^, ) e n 3&K in 3Cl to be the repartition <?f of L defined by 

v=l 

v=l 

152 for any prime divisor J(f of L, where & is the prime divisor of K lying 
below J€ . It is easy to verify that ^ so defined is a repartition, and that 

cr is a k-isomorphism of FJ 3Ck into JT^. Let the image under cr be 

v=l 

the subspace ^" L ° of S^lS^l is a vector subspace of SCl, if the latter is 
considered as a vector space over k. 
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If y = X a v x v , x v e K, is any element of L, the element (jci, . . . , x„ ) 
1 

of ]~[ JT/f (keeping in mind that we have identified K(L) with a subspace 

v=l 

of 3£k(^l) and we may use the same symbol for an element of K{L) and 
the corresponding repartition in &k(&l)) clearly goes to the repartition 
y of 3C L . Hence, SC* D L. We assert that for any divisor of K, we 
have 

3C L - JT L ° + A L (^) 



To prove this, consider a repartition ^ of L. Let Jff\ , . . . , be the 
prime divisors of L lying over a prime divisor of K. We can find an 
element y{^) of L satisfying 



~ *«)) * vjr r m, (v = 1, - - - r) 



Define a repartition & of L by 

^(Jf ) - y($T) if JT lies over & and v^i(^) < or if X lies 
over & and v^r(^) £ for some prime divisor 1 lying over , 
&(j(r) = otherwise. 

Clearly, <T - &A L (W). We shall show that &s$?°. Let y($0 = 153 

£ 0^(^0,34(^0 6 ^. Define repartitions ^ of *T(v = 1,. . .n ) by 

y=l 

putting 

3^(30 - A^O if vyC2r) * or vjr(^) < for some JT lying 
over $0 $^($0 = otherwise. 

We then have crft^ 1 ,. . = ^ e $T L °. Our assertion in 

proved. 

Now, if ./K denotes the unit divisor, we have 



dim/; — - = g/f 
A/K^O + ^ 

and dim ' W) + L ^ L 
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From the first equation, 



n 

n &k 

n g K = dim k 



n n 

n a z (^o + n ^ 

v=l v=l 



and applying cr 

riogK = dim K 



no 

154 where A"(^) is the &-subspace <x( FJ_ A^C^O) of ^ for any divisor 'W 

v=l 

of*:. 

On the other hand, 

ay ay 
ngi = n dim; — - = dim^t 



+ Al(^) + L JT" 
= dim* — — = dim^ 



A L (^T) + L " JT L ° n (A L (^K) + L) 

9ft 9ft n (A L (^F) + L) 

= dim * A^oTI - dim * A^) + L 

(A°(«yK) is obviously a subspace of n (Ai(«/K) + L)). Hence we 
deduce that 

„ no 
gL < —8k 
n 

But if X is any element of K transcendental over k, we obtain 
frMft) [A" : feffl] [K : feffl] 

^ = = tftw = inw [Z(X) • k(X)] 



[l:k] 



n 



[L : k] n 

155 and our result is proved in the case of a algebraic extension Iq of k. 
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To prove the theorem in the case of an arbitrary algebraic extension, 
we shall show that there exists a finite extension Zq of k such that for 
L 1 = KIq, we have X L j L \ - 1. It would then follow from theorem 1 that 
gt ^ Sl 1 an(1 our result would follow. 

Let X e K be transcendental over k and J/x the denominator of X. 
We have 



m = d K (Jf x ) = 
m Q - d L (Jf x ) = 



K : k(X) 
L : l(X) 



A base x\, x m of K/k(X) spans L over l(X), and hence we have 

m-m relations 



0, ju = 1, 2, ,m- m Q 



v=l 

with coefficients C VjU in Z(X) such that the m - m vectors 

(Ci M , C mM ) (p. = 1, ,m-m ) 

are linearly independent over /(X). The rational functions C VjU of X over 
Z have coefficients in a finitely generated subfield Z^ D k of I. Since 
L 1 = KIq is spanned by jq, . . . x m over l^iX) and since the C V;U are in 
Zq(X), we deduce that 



L l : lUX) 



<m = d L {Jfx), 



and since we already have A L/L i > 1, we deduce that Al/ l \ = 1. 
Our theorem is completely proved. 

Remark . If Al/ k > 2, we can actually assert that Ai/ K gL < g^. For 
suppose Ai/ K gL = gx- Let to be a non-zero differential of K. Then, we 
have 

, , N d K ((oj)) 2g k - 2 

ddioj)) = — = — , 

L/ k Al/ k 

and hence (since <ii((a>)) is an integer) A^ K divides 2gK~2. But from the 
equation A^KgL - gK, we deduce that Al/k divides gx and hence 2gx- 
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This implies that Al/k divides 2, Al/k ^ 2, which is a contradiction. 
Hence we have the strict inequality. 

If however Al/k - 2, we may have 2gL - gK as the following ex- 
ample follows. 

Let k be a field of characteristic 2 and a ,a\ two elements of k 
such that 



= 4. Then it can be seen easily that if X is 

a transcendental element over k, the polynomial Y 2 - (a\ + a\X 2 ) is 
an irreducible polynomial of Y over k(X). Hence, if Y is a root of the 
equation Y 2 = a + a x X 2 , [k(X, Y) : k(X)] = 2. Put K = k(X, Y). It 
can be proved (see the example for I + h given in Lecture 21) that the 
constant fields of k(X, Y) is k. 

Now, it can be deduced by taking valuations in the equation Y 2 - 
a + a x X 2 that ,yV Y = JV X . Hence the elements 1 , X, X 2 , . . . X n , Y, YX, . . ., 
YX n ~ l are all elements of K divisible by -yV x n . Since they are linearly 
independent, we have l{^V x n )\ >2n+l, and the Riemann-Roch theorem 
gives g K = 0. 



Now, let /o be any extension of k such that 



< 4, 



and L = KIq. Since gL^L/ K < gK = 0, we necessarily have gi = 0. We 

< 2, there is a 



shall show that Al/ k - 2. In fact, since 

relation of the form 

i i 

P&o +yaf = 6,p, y,8 e Iq, not all zero. 

i i 

We may solve for and a\ from this and the equation 
a\ + Xa\ = Y, 

since f3X - y + 0, thus proving that , a\ e Iq{X, Y), I = 1$ \al , a\ J. 

Hence, L - l(X) and d L (Jfi) - 1, Since d K (^x) - 2, A L/K - 2. 

One can in fact show that the above example covers the general case 
when g L = g K and A l/k > 1. 

To prove this, we first observe that we must have gL - gK - 0, for 
otherwise, we would obtain 



gL < ^L/KgL < gK- 
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If now, W were the canonical class of K, d(W l ) = 2 and N(W 1 ) = 3. 
Hence there exists an integral divisor % in the class W~ l of degree 2, 
and N K {fy- 1 ) = 3. Let l,X, Y be a basis of F K {^~ 1 ). Then X is not a 158 
constant, and since jVx divides "1/ and d{^/) - 2, we see that % - jVx. 
Hence, 



K : k(X) 



= d{J6d - 2. 



Y = 



Now, we assert that Y $ k(X). For if it were, we can write 
— , fi and /2 being coprime polynomials. Then, 

/2(a) 

(Y) - ^.^eg/z-deg/^ and since (y)jY x is integral, we deduce that 

3/2 

/2 is constant and deg/i = 1. This contradicts our assumption that 
\,X,Y are linearly independent. Hence, k(X, Y) + k(X), and since 

K : k{X)^ =2,K = k{X, Y). Also, since A L/K > 1, Y should be purely 

inseparable over k(X), and therefore satisfy an equation of the form 



Y 2 = R(X), 

R(X) being a rational function of X. Since Y 2 is divisible by jV x " 1 \ we 
deduce by an argument similar to the one used above that R(X) is a 
polynomial of degree at most two. Thus, 

Y 2 - a + a\X + a 2 X 2 



Since X should also be purely inseparable over k(Y), we deduce that 
ai = 0. 



Now, if 



k\al , ) : k 



were not equal to 4, it is less than or equal 



to 2. Hence we have a relation of the form 

_i i 
fial +yal =6,fi,y,d e k. 

This together with the relation 
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a\ + a\X = Y 
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proves that al , a\, are both in K and hence in k. This would imply that 
Y e K{X), which if false. Hence, 



KIq is Iq. This implies that (see Lecture l2"2l Al/ k = 1, a contradiction. 
Our assertion is proved. 
If gL - gK > 0, we deduce from the equation 



that^L/,, = 1. 

We now prove the following 

Theorem . If gL — gK and Al/ k - 1» then for any divisor ^ of K a 
basis of Fk{%) over k is also a basis of Fl(%) over I; in particular 

N L m = N K m. 

Proof. Let us denote by IF^i^ ) the vector space generated over I by 
F K CW) in L. Clearly we have lF K (fy) c F L {W). Since A l/k = 1, 1 and 
K are linearly disjoint over k and we obtain 

N K C%) = dimilF K C%f) < dim,F L (^) = N L (W) 

Now, let be any divisor with d K (W) = d L {W) < 2 - 2g K . □ 

Then we have 




gL = J-L/ K gL = gK 



N L (V) + d L (W) = 1 



and since dxi^) 



diSftt) and gK = gL, we obtain 
N K m = N L {<%), 
IF K (W) = F L (W). 



and 
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To draw the same conclusion for an arbitrary divisor % , choose two 
divisors 6 and X of K such that (?) the least common multiple of d and 
X is ^ and (ii)d(6) < 2 - 2gK, d(£) < 2 - 2gi. This is clearly possible. 
We then have F K {8) n F K (£) = F K {fy), F L {8) n F L (£) = F L {<%). 

Let a\, . . . ,a m be a basis of Fjci^). Complete this to a basis f}\,..., 
j3\,a\, . . . ,a m of Fk(6) and to a basis yi, . . ., y„, ari, . . . , ar m of Fk(-Q- 
We assert that ori, . . . , a m ,f3\,. . . ,/?i,yi, . . . ,y„ are linearly independent 
elements of ^ over k. In fact, if we had a linear relation 

^ am + = ^ c k y k , ai,bj, c k e k, 

since the left side is an element of Fk(S) and the right side an element of 
Fk(-Q, Z c kJk is an element of Fk{^) and therefore q = 0, a,- = and 
bj - 0. Hence f}\, . . . ,/?/, a\, . . .,a m ,y\, ...,y„ is also a set of linearly 
independent elements over /. 

Now suppose y is an element of F^(^) = Fl(S) n Fl(£). Since 
Fl(6) has for basis (ori, ... , a m ,f3\,. . ./?/) over 1 and j e Fl(6), we have 

y = ^ a;ar; + ^bjPj, a u bj e I, 
i j 

and similarly, since y e Fl(£) and fz,(-£) has for basis {a\, . . . ,a m ,y\, 
y n ), we have 

y - ^ C/O/ + ^ rffeyfe, Cy, 4 £ /. 

Equating the above two expressions for y, we obtain (since ai, . . ., 
a m ,P\ , . . ., /?i , yi , . . . , y„ are linearly independent over /) 

a,- - Cj , fty = dk - 0. 

Thus j e IF K {^) and hence we have F L (^) = IF K {^). Again by 
linear disjointness of / and K over we obtain 



Our theorem is proved. 
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The converse of the above theorem is very easy to prove. If 
NkC^) = Nl{%) for all divisors tyg , or even only for a sequence of 
divisors ^ with <4(<20 — > -oo, we have the following equations for 
-dkitft ) sufficiently large 

N K m+d K m = \- gK , 

N L m + d L (W) = l-g L . 

Hence we obtain 

= d K w) = -N K m + i- gK 
L/K d L m -N L {W) + \-gL 

and letting dxi^) —> -oo, and observing that the right hand side has 
limit 1, we obtain Al/ k - 1. Hence dx{^) - djjc%} for any divisor °l/ ', 
and we obtain gK - gL- 

Corollary. If gL — gK an d Al/k - 1» the natural homomorphism of the 
class group J^k of K into the class group J££ of L is an isomorphism. 
Under this isomorphism, the canonical class of K goes to the canonical 
class ofL. 

Proof. Let be any divisor of K which is a principal divisor in L. 
Then d L (W) = and N L {<%) = 1. By the above theorem, d K (W) = 
and Nk(^) = 1. This proves that ^ is a principal divisor of K, and 
thus the kernel of the homomorphism of Jfa consists of the unit class 
alone. Thus, the map is an isomorphism. We shall use the same symbol 
for a class of K and its image as a class of L. □ 

Also, if Wk is the canonical class of K, dL^Wtd = d^Wx) = 2gi~2 
and Nl(Wk) - Nk(Wk) - gL, which proves that Wk is the canonical 
class of L. 

39 The Zeta Function of an Extension 

Let K/k be an algebraic function field with a finite field of constants k 
containing q elements. Let kf be the extension of k of degree /. Since 
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k is perfect, kf/k is a separable extension, and hence the constant field 
of Lf - Kkf is kf. Let *3f be a prime divisor of K and J€\, . . . , the 
prime divisors of Lf lying over Then, since kf/k is separable, the 
J% are unramified over K, and we have 

^ = Jfi Jth. 

Now, since kf/k is separable, we know that Lx t - koykf, and since 
the degrees of Kay and kf over are respectively dx^) and /, the 
degree of over & is l.c.m. [djf($0,/]. Thus, 

fdL ' (jed ~ Jf^WT) 

But we know that 

ft 

/=[*,:*] = [L f :K] = Y i d LfjK {J^) = hd Lf!K {X x \ 

1=1 

and using the relation 

d Lt M)dm=d L vn\!\k'[, 
we deduce the formula 

h = (f,d K (&)) 

An immediate consequence of the above formula is the following 

Theorem . For algebraic function fields with finite constant fields, the 
least positive value of the degree of its divisors is 1. 

Proof. Let p be this least value. Take f - pin the above formula. □ 

We obtain, since p divides each dxi^), 

h-p 

and also "L/C^) • 
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Substituting in the Euler product for g(s, Lf), we obtain 

as, = n (i - <f sfdLf u) t = n fi (* - *- sdKm Y l 

X 9 i=l 

Since both £( s > Lf) and £( S >K) have a pole of order 1 at s - 1, we 
deduce that p = 1. 

Finally, we prove a theorem expressing the zeta function of a finite 
constant field extension in term of the L-series of the ground field. 

Theorem. With the same notation as above, we have 

f 

£(s,L f ) = y\u StX f,v,K) 

v=l 

2niv 

where Xf,v is the character on the class group taking the value e f on 
all classes of degree 1. 

Proof. 

as,L f) = n(i -n^jt')- 1 = n n -e^t 



■X 9 Xj9 

( f \ -<J4k{9 

= \ Y[{\ - N K W~ S W^ \ 

= Y\{\[\-e 2 f d ^ ) N K &-°y 

9 v=l 



(the last follows from the easily established formula FJ (l ~~ e 2 ™ s z\ - 

v=l 

(r \(r.s) 
1 - z ) for positive integral r, s) 



The proof of the theorem is complete. 



Bibliography 



[1] Artin, E. - Algebraic numbers and algebraic functions. Princeton 
1950-51. 

[2] Artin, E. - Quadratische korper im gebiet der hoheren kongruen- 
zen. I and II. Math. Zeit. 19 (1924) p. 153-206, 207-246. 

[3] Che valley, C. - Introduction to the theory of algebraic functions 
of one variable. Mathematical Surveys. Number VI. Amer. Math. 
Soc. 1951. 

[4] Dedekind, R. & Weber, H. - Theorie der algebraischen funktionen 
einer veranderlichen J. reine angew. math. 92(1882) p. 181-290. 

[5] Hensel, K. & Landsberg, G. - Theorie der algebraischen funktio- 
nen einer variablen und ihre anwendung auf algebraische kurven 
und Abelsche Integrale. Leipzing. 1902. 

[6] Kronecker, L. - Grundzuge einer arithmetischen theorie der alge- 
braischen grossen. Werke Band 2. 

[7] Riemann, B. - Theorie der Abelschen functionen. J. Reine angew. 
Math. 54 (1857). Werke Zweite Auflage Erste Abtheilung. VI p. 
88-142. 

[8] Roch, G. - Liber die Anzahl der wilkurlicher Konstanten in alge- 
braischen Funktionen. J. reine angew. Math. 64 (1865) p. 372-376. 



147 



148 



BIBLIOGRAPHY 



[9] Schmid, H. L. & Teichmuller, O. - Ein neuer bewies fur die Funk- 
tion algeichung der L-reihen. Abh. Math. sem. Hans, univer. 15 
(1943) p. 85-96. 

[10] Schmidt, F. K. - Analytische zahlentheorie in korpern der charak- 
teristik p. Math. Zeit. 33 (1931) p. 1-32. 

[11] Schidt, FK. - zur arithmetischen theorie algebrische funktionen /. 
Math. Zeit. 41 (1936) p. 415-438. 

[12] Tate, J. - Genus change in inseparable extensions of function fields. 
Proc. Amer. Math. Soc. 3 (1952) p. 400-406. 

[13] Weil, A. - Zur algebraischen theorie der algebraischen funktionen. 
J. reine angew. Math. 179 (1938) p. 129-133. 

[14] Weissinger, J. - Theorie der divieoren Kongruenzen. Abh. Math, 
sem. Hans. Univer. 12 (1938) p. 115-126. 



